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The doubly excited 1�

g� � and 3
���

u� � statesof the H2 moleculeconverging to the H(n � 2) � H(n �! 2) limit
havebeencalculatedusingexplicitly correlatedbasisfunctions,giving accurateresultsout to a nuclearsepa-
ration sufficiently large to apply asymptoticexpansionsfor the potentialenergy. The autoionizationwidths
havebeenobtainedusingthecomplex-scalingmethod.For nuclearseparationslarger than22 a.u.,asymptotic
expressionsfor the interactionenergieshavebeenobtainedfrom perturbationtheory.
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I. INTRODUCTION

After
�

manyyearsof intensiveresearchBose-Einsteincon-
densation
*

in a gas of spin-polarizedhydrogenatoms was
finally achievedin 1998 + 1, . In this experimenttwo-photon
spectroscopy- of the 1s. -2s. line was usedas a tool to deter-
mine the temperatureanddensityof thecondensate,through
studies- of the collisionally shifted and broadenedspectral
lines / 2,30 . The Lyman-1 photons2 from excitedmetastable
hydrogen
3

weredetectedfollowing a 2s. -2p4 Stark
�

mixing in-
duced
*

by an electricfield. It is importantto distinguishthis
field-induced
5

quenchingof the H(2s. )6 statefrom collisional
quenching7 due to the autoionization reaction H(2s. )68

H(2s. )6:9 H2
; <>= e?A@ and	 due to excitation transfer H(2s. )6B

H(2s. )6:C H(2p4 )
6:D

H(2p4 )
6
, and to understandthe effect of

these
�

collisionson the linewidth.
There
E

are also prospectsfor novel sourcesof excited
H(2s. )6 atoms,e.g.,throughtheuseof Starkchirpedadiabatic
passage2 F 4GIH . This will not only allow direct experimental
studies- of theseexcitedatoms,but might alsodeliver a new
source- of Lyman-J photons,2 with applications in high-
resolutionK spectroscopy. The ratesfor collisional quenching
determines
*

themaximumdensityof H(2s. )6 atomsthatcanbe
achieved	 in this type of experiment.

The doubly excitedH2 states- describingthe collision of
two
�

H(nLNM 2
O

) atomsbelongto the so-calledQ
P

2 series- lying
below
Q

the 2p4SR uT state- of H2U . Someearlier works havead-
dressed
*

thesestatesV 5–7
W X

,� but to our knowledgethis is the
first
5

calculationaddressingthe long-rangeinteractions.Our
numericalY calculationsextendthe datapreviouslyavailable
from
Z

the internucleardistanceR
[S\

6
]

a.u.to R
[S^

22
O

a.u.The
calculation_ includes the width due to autoionization.
Asymptoticformulasaregivenfor R ` 22 a.u.Our treatment
does
*

not as yet include the fine-structuresplitting or Lamb

shift.- In a recentpaperthesemoleculardatahavebeenused
to
�

calculateratesfor autoionization,excitationtransfer, and
elastica scatteringat thermaltemperaturesb 8cId .

II. MOLECULAR REGION

The
E

molecular region of interatomicdistancesis where
the
�

atom-atominteraction is too strong to be treatedas a
small- perturbationof the atomicstates,andhencehasto be
determined
*

numericallyby meansof a molecularcalculation.
The
E

characteristicradius of a hydrogenatom scalesas the
square- of the principal quantumnumbernL . Hence,for a hy-
drogen
*

molecule that asymptoticallyseparatesinto two nLe 2 excited hydrogenatomsthe molecularregion is about
four
Z

times larger than for the groundstateof H2. We have
foundit sufficientto extendthemolecularcalculationsout to
R
[Sf

22
O

a.u.At this nuclearseparationthe effectsof electron
exchangea arenegligible.Two H(2s. )6 atomscan form a mo-
lecular stateof either 1g

gh i orj 3
�lk

uT m symmetry- . For eachof
these
�

symmetriestherearefour statesthat separateinto two
nLNn 2

O
excitedhydrogenatoms.

A. Electronic autoionization

The
E

statescalculatedin this work areresonancesthat can
decay
*

through autoionization.For resonancesthe standard
variationalo principle is not valid. Nevertheless,this principle
can_ be extended to the case of resonanceswithin the
complex-scaling_ approachp see,- e.g., the review in q 9rIs and	
referencesthereint . The complex-scalingoperatorU is de-
fined through its action on a function f

u
ofj the coordinate

vectoro rv in
w

three-dimensionalspace,

U xzy|{ f
u~}

rvz�:� e? 3
�

i � /2� f
u~�

e? i � rvz� . � 1�
The
E

complex-scaledHamiltonianH
�

(
�I�

)
6:�

U(
���

)
6
HU
� � 1(

�I�
)
6

de-
fines
5

an eigenvalueproblem

H ���|� c� i

���
E i

�
c� i

�
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�
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The
E

complexeigenenergiesE
¢

i

£
are	 of threekinds: ¤ iw¦¥ bound

Q
states,- which areunchangedby thecomplexscaling; § iiw©¨ con-_
tinuum
�

states,which are rotated by an angle 2 ª into the
complex_ plane; « iii ¬ resonances,which are uncoveredwhen¯®

ar	 gE i

°
/2.
±

The real part of a resonanceeigenvalue,
Re² E res³ ,� is the energy position of the resonance,and the
imaginary
w

part is relatedto the width ´ ofj the resonanceas
Imµ E res¶¸·|¹»º½¼ /2.

±
While
¾

in the exactsolution of Eq. ¿ 2O:À the
�

resonanceei-
genvaluesÁ will be stationaryfor Â¯Ã ar	 gE res¶ /2,

±
any approxi-

mateÄ solution using a finite basiswill yield an eigenvalue
that
�

varieswith Å . For resonancesthe variationalprinciple
reducesto a stationarity principle without lower or upper
bounds.
Q

That is, the optimal scalingangle Æ optÇ is determined
viaÈ the

�
conditionthat ÉËÊÍÌ optÇ minimizesÄ thederivativeof the

enera gy dE
Î

(
�IÏ

)/
6

d
ÎÑÐ

,� which in turn determinesthecomplexen-
era gy of the resonanceE

¢
resÒ E

¢
(
�IÓ

optÇ )
6
. For practicalpurposes

in thecontextof variationalcalculationsit canbeshownthat
the
�

useof the complex-scaledHamiltonianH
�

(
�IÔ

)
6

is equiva-
lent to the useof complex-scaledbasisfunctions.Therefore
it is possibleto uniquelydeterminea resonanceby requiring
maximumÄ stability with respectto a variation of the basis
and	 of the complex-scalingfactor Õ ,� but it is impossibleto
determine
*

a lower or upperboundto the energy positionor
widthÖ of the resonance.

B. Computational details

The
E

applicationof the complex-scalingapproachto mo-
lecular
×

systemsis not straightforward,since the molecular
Born-Oppenheimer Hamiltonianis not analyticwith respect
to
�

dilation.A possiblesolutionto this problemwassuggested
for
Z

diatomic moleculesin Ref. Ø 10Ù ,� where it was demon-
strated- that by using prolate-spheroidalcoordinates ÚÜÛ iÝ (
�
rÞ iA ß rÞ iB)/

6
R
[

,�áà i â (
�
rÞ iA ã rÞ iB)/

6
R
[åä

it
w

is possible to imple-
mentexterior? complex_ scalingsolely by scalingof the elec-
tronic
�

coordinatesæ i .
The
E

calculationswere performedusing an extendedver-
sion- of a computerprogramoriginally written by Kołos and
W
¾

olniewicz ç 11è . The two-electronwave function é j
ê (� 1,2)

describing
*

statej
ë

is expressedin termsof explicitly corre-
latedbasisfunctionsas

ì
j
êîí 1,2ï:ðòñ

i
c� i, j
êîó 1 ô P

õ
12ö expaø÷�ùòú>û

1 üÍý̄ þ 2
;zÿ��

1
r i
���

1
s� i
���

2
r̄ i
�	�

2
s�̄ i
��
�

i
�

���
expa������

1 ���¯ � 2
;�������� 1  s� i

�"! s�̄ i
�

#
expa�$�%�&�'

1 (�)¯ * 2
;�+-, ,� . 3/10

whereÖ the upper sign gives 12
gh 3 symmetry- and the lower

sign- gives 3
��4

uT 5 symmetry- . HereP12 is theelectronpermuta-
tion
�

operator, 687 2r12/
±
R,� with r12 and	 R the

�
interelectronic

and	 internucleardistances,respectively, rÞ i ,� s. i ,� rÞ̄ i ,� s.̄ i ,�:9 i are	
integers,and ; ,�:< ,�-=̄ ,�:>¯ are	 realnumbers.Thecoefficientsc� i, j

ê
are	 determinedthrough the diagonalizationof the general-
ized
w

eigenvalueproblem.
As discussedin Sec.II A the variationalprinciple cannot

be
Q

appliedfor resonances,but insteadwe usethe complex-

scaling- method.One possibleand practicalapproachto de-
termining
�

resonanceswithin the complex-scalingframework
is
w

to performasa first stepa numberof real-scalingcalcula-
tions
�

in order to be able to selecta rangeof real-scaling
factors
Z ?

,� whereoptimalstability of thepositionof thereso-
nanceY is observed.After fixing thereal-scalingparameterto a
valueo @

optÇ in this regime,a variation of the phaseA ofj the
scaling- factor is performedas a secondstepof the calcula-
tion.
�

In thepresentcalculationthestability of the realenergies
ofj the resonanceswasinvestigatedthroughthe scalingof B 1
and	 C

2
; ,� which for practical reasonswas performedby the

equivalenta procedureof an inversescalingof the exponentsD and	 Ē in Eq. F 3/�G by
Q

a real parameter. Valuesof the non-
linear
×

parametersgiving a good stability under this scaling
wereÖ soughtfor integervaluesof R

[
,� usingasa startingpoint

the
�

249-termbasisfrom Ref. H 12I . It turnsout that it is very
difficult,
*

especiallyat shortinternucleardistances,to makea
veryo precisedeterminationof thebestpossiblenonlinearpa-
rameters.Instead,approximatevaluesof J ,�:K ,�-L̄ ,�:M¯ whereÖ all
four
Z

resonancesshowed good stability were determined.
Sometimes
�

severalsetswereusedfor a singlevalueof R
[

, i� n
orderj to be able to assessthe accuracyof the results.The
nonlinearparametersat nonintegervaluesof R wereÖ obtained
by
Q

an interpolationof the optimal exponentsdeterminedat
integer
w

valuesof R
[

.
In the next stepnew refinedbasissetswere obtainedby

testing
�

a large number of sets of integer exponentsN�O
i ;r i ,� s. i ,� r̄ i ,� s.̄ i P ,� anddiscardingthosetermsthat hadonly a

small- effect on theenergiesof theresonances.Usingthesets
ofj integer exponentsobtained,togetherwith the nonlinear
parameters2 optimized before,we arrived at our final basis
sets.- In this way we createdfor eachsymmetrythreediffer-
enta basissetscoveringdifferent R intervals,limited in size
by
Q

the linear dependencecausedby the finite numericalpre-
cision_ of the calculation.In the caseof 1Q

gh R symmetry- the
basis-set
Q

sizeswere380,430,and250 for R S 6,
]

6 T R U 12,
and	 R V 12 a.u., respectively, and in the caseof 3

��W
uT X sym--

metry 330, 380, and 300 for R Y 7,
Z

7 [ R \ 13, and R]
13 a.u. In the outermostregion we useddifferent basis

sets- with separatelyoptimizedsetsof integerexponentsfor
eacha state,while in the inner regionsthe samesetof integer
exponentsa wasusedfor all four statesof thesamesymmetry.
At
�

the boundariesof the rangeof R
[

weÖ considered,we did,
however, have to reducesuccessivelythe size of our basis
sets- in order to avoid linear dependencein the basis.

The
E

complexresonanceenergieswereobtainedusingthe
complex-scaling_ operation̂ i ,��_ i `ba e? i ced

i ,�gf i in the way in-
troduced
�

and describedin Ref. h 13i . For this purposethe
basis-set
Q

parametersj and	 k̄ are	 modifiedin sucha way that
they
�

containthe previouslydeterminedl optÇ ,� i.e., a calcula-
tion
�

with mon 1.0 p and	 qsr 0.0)
t

yields now optimal stability
ofj theresonantenergy on therealaxis.ThentheHamiltonian
matrixÄ is calculatedfor anumberof rÞ eal valueso of thescaling
parameter2 u . Eachmatrix elementis thenfitted to a polyno-
mial in v ,� which canbeanalyticallycontinuedinto thecom-
plex2 plane, and thus gives the matrix elementat complex�
valueso of wyx�z exp(a i

{�|
).
6

Thegeneralizedeigenvalueproblem
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ofj this complex� symmetric Hamiltonian
�

is then solvedfor a
series- of � values.o The complexenergy of the resonanceis
determined
*

from theminimumvalueof dE
Î

/
±
d
Î��

. After numer-
ousj testswe found that the best resultswere obtainedby
using� a real grid of 15 � valueso in the interval 0.86–1.14 in
steps- of 0.02 on the real axis and by fitting each matrix
elementa to a fourth-orderpolynomial.

C. Results

The electronic potentials and autoionizing widths ob-
tained
�

arepresentedin Fig. 1 for 1�
gh � symmetry- andFig. 2

for 3
���

uT � symmetry- . Only stateshavingtheasymptoticenergy� 0.25
t

a.u.aredisplayed.We find two bindingandtwo non-
binding
Q

statesof eachsymmetry.
An avoidedcrossingbetweenthe secondand third 1�

gh �
states- at R � 5.5

W
a.u. is clearly visible in Fig. 1. Also the

corresponding_ autoionizationwidths showa striking change
ofj characterat this internucleardistance.Further avoided
crossings_ occurat shorterinternucleardistances.In particu-
lar
×

, a fifth more highly excited state correlating to the nL� 3,
/

nL��-� 2 threshold,andconsequentlynot displayedin Fig.
1, crossesthe fourth stateat R

[��
4.5
G

a.u.Our basissets,be-
ing
w

optimizedfor statescorrelatingto the nL�� nL��-� 2
O

thresh-
old,j did not give a gooddescriptionof this morehighly ex-
cited_ state.Thereforewe havenot continuedour calculation
ofj state4 insidethis avoidedcrossing.For the 3

���
uT � symme--

try
�

a similar avoidedcrossingbetweenthe fourth stateanda
morehighly excitedstateoccursalreadyat R � 8.6

c
a.u.

The
E

molecularstatesdiscussedin this paperwererecently
calculated_ in therange0 � R � 6

]
a.u.by SanchezandMartin

�
7
Z1�

using� the methodof Feshbachprojectors.In this method
the
�

H2 states- are expandedin a basisof bound and con-
tinuum
�

one-electronorbitals of H2
; � . The H2

;   orbitalsj were
calculated_ in a one-centerbasis built on B

¡
splines.- This

methodÄ is known to be accurateat short internucleardis-
tances
�

andhasadvantagesin facilitating a physicalinterpre-
tation
�

of themolecularstates.This methodcan,however, not
be
Q

used for large internucleardistancesbecausethe one-
center_ approachusedruns into numericalproblemsfor in-
creasing_ internucleardistances.

Our
¢

method,on the other hand,being basedon prolate-
spheroidal- coordinatesthatby definitionarecenteredon both
nuclei,Y givesaccurateresultsout to an internucleardistance
sufficiently- large to apply the asymptoticforms describedin
Sec.
�

III. In principle,our methodis alsowell suitedfor cal-
culations_ at short internucleardistances,since it very effi-
ciently_ incorporateselectroniccorrelation.The groundstate
ofj H2

; has
3

beenaccuratelycalculatedat R
[�£

0.2
t

a.u.usinga
249-term
O

basisof the sametype asours ¤ 12¥ . Whenconsid-
eringa the doubly excited states,however, the situation is
quite7 complicatedat short internucleardistances,sincethere
are	 manycloselylying statesandmanyavoidedcrossings.In
fact,
Z

at short distancesthe stateswe have calculatedhave
enera gies lessthanthe 2p4§¦ uT state- of H2̈ ,� underwhich there
is a Rydberg seriescontainingan infinite numberof states
that
�

will becrossed.Hence,to accuratelydeterminethedou-
bly
Q

excitedstatesat shortinternucleardistancesit is not suf-
ficient to use,as we have done, the samebasisset for all
states- of the samesymmetry. Instead,for each state one
wouldÖ haveto carefullyoptimizeanindividual basisset.Ad-

FIG.
©

1. Potentialenergies ª a« and¬ widths  b® for
¯

the 1°
g� ± states

that correlateto n ² n ³�´ 2 atomicstates.
FIG. 2. Potentialenergies µ a¶ and¬ widths · b̧ for the 3

�	¹
u� º states#

that correlateto n»s¼ n»½�¾ 2
¿

atomicstates.
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ditionally
*

, sincethestatesrapidly changecharacterwhenR is
decreased
*

and avoidedcrossingsare encountered,this opti-
mizationÄ would haveto be repeatedat eachinternucleardis-
tance.
�

Sinceour main interesthasbeenthe long-rangeinter-
actions	 we havenot found it worthwhile to go throughthis
veryo elaborateprocedure.

In
À

the region of R
[

whereÖ our calculationsoverlap with
those
�

of SanchezandMartin, comparisonsof theresultshave
been
Q

madein Figs. 3 and 4. The comparisonsalso include
resultsK by GubermanÁ 5W�Â and	 TennysonÃ 6]1Ä . Our resultsfor
the
� 1Å

gh Æ states- agreevery well with the resultsof Sanchez
and	 Martin. We confirm their conclusionthat the energy of
state- 1 calculatedby Tennysonis somewhattoo high. Also
ourj width of state1 agreescloselywith SanchezandMartin,
whileÖ Tennysonobtaineda larger width. For 3

��Ç
uT È symmetry-

ourj calculationonly extendsdownto R
[�É

5
W

a.u.,limiting the
opportunitiesj for comparisonswith earlier works. We note
that
�

our energies are significantly lower than those of
Sanchez
�

andMartin for all four states.Usually this is taken

as	 a sign of betteraccuracy, but as noted in Sec. II B this
neednot necessarilybe true for calculationsof resonances.
For
Ê

thewidthswe notethatour resultsfor thesecondstateof
3
��Ë

uTÍÌ symmetry- aresignificantlysmallerthan the resultsof
Sanchez
�

andMartin. All in all, consideringthat very differ-
enta computationalapproacheshavebeenused,we find that
the
�

agreementwith the data of Sanchezand Martin is re-
markablygood.This gives us confidencein our resultsfor
R
[�Î

6
]

a.u.,especially, sincebetterstability of the eigenval-
ues� wasobservedfor larger internucleardistances.

III.
Ï

ASYMPTOTIC REGION

In this sectionwe shall discussthe asymptoticmolecular
states- in termsof atomicstateswith well-definedorbital an-
gularÁ momentuml

Ð
,� mÑ l
Ò and	 spin s. ,� mÑ s� . This meansthat the

spin-orbit- interactionwill be ignoredhere,anapproximation
that
�

is valid when the collision energy is higher than the
fine-structure splitting of the hydrogen atom, 4.5Ó

10Ô 5
�

eVaÖÕ 0.53
t

K. Hence the 2s. and	 2p4 states- of the
hydrogen
3

atomareapproximatedasbeingdegeneratein en-
era gy. At large internucleardistancesthe wave function will
approach	 a productof two atomicstates× orj rather, as will be
seen- below, a linear combinationof suchproductsØ . For suf-
ficiently
5

large internucleardistancesthe molecularpotential
enera gies may then be calculatedanalytically treating the
electrostatica atom-atominteraction by perturbationtheory.
The
E

resultingasymptoticpotential-energy curvehastheform

E Ù R Ú�Û C3
�

R3
�§Ü C5

�
R5
�§Ý C6



R6

§Þ C8

R8 ß ,� à 4á

whereÖ the C3
� and	 C5

� terms
�

comefrom first-orderperturba-
tion
�

theory, and are nonvanishingas a result of the degen-
eracya of the 2s. and	 2p4 states,- while the C6


 and	 C8 arise	
from second-orderperturbationtheory, andarepresenteven
if the degeneracyis lifted.

A. Exchange

The atom-atominteraction containsalso a contribution
from
Z

theexchangeof thetwo electrons.At large internuclear
distances
*

this contributionvanishesexponentially, i.e., faster
than
�

the electrostaticinteraction.The exchangecontribution
is difficult to treatconsistentlyin perturbationtheory. In the
following
Z

sectionwe shall show how this contributionmay
be
Q

extractedfrom our numericaldata.
W
¾

e denotethe productstateof two noninteractingnL8â 2
O

hydrogenatomsA and	 B by
Qäã

2l
Ð

I
å 2l
Ð

I
å-æçéè . Here l

Ð
,� lÐëê specify- the

angular	 momentum, the subscripts I,� I ìîí A,� B denote
*

to
whichÖ hydrogenatom the orbital belongs,and the ordering
reflectsK which electronis occupyingthe orbital, i.e., ‘‘elec-
tron
�

1’’ belongsto the first orbital and ‘‘electron 2’’ to the
second.-

The
E

molecularHamiltonianis invariantunderinversioni
{

ofj all electroniccoordinates,electronexchangeP12,� andre-
flection
ï

in a planecontainingthe nuclei. Let p4oðòñ 1 be the
parity2 underinversion ó geradeô orj ungeradeõ symmetry- ö ,� and

FIG. 3. Comparisonof our results for potentialsof the 1÷
g� ø

statesù solid# linesú to
û

the resultsin Ref. ü 7ýÿþ crosses� � , Ref. � 6����� tri-û
angles� , andRef. 	 5
�� diamonds

 �
.�

FIG. 4. Sameas Fig. 3 but for the widths.Lines showour data
codedasin Fig. 1. Resultsfrom � 7��� : state1 � open� triangles� ,� state2�
crosses� , state3 � opendiamonds� , state4 � squares� .� Resultsfrom�
6� :& state1 � filled triangles , state3 ! filled diamonds" .�
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$&%(' 1 theparity underexchange) singlet- or triplet symme-
try
�+*

. From an atomic product state , 2O l
Ð

A
- 2
O

l
Ð

B.0/ onej may then
generateÁ asymptoticorbitals adaptedto the molecularsym-
metries 1 symmetrization- with respectto reflectionis not in-
cluded_ 2 :

3 4
mol 5�6 1

2 7 1 8:9 ll
Ò<;>=@? 2l

Ð
A2l
Ð

B
A B0C�D p4�EGF�H 1 I l

ÒKJ
l
ÒMLON

2l
Ð

A
- P 2l
Ð

B Q
RTSGU

2
O

l
Ð

BV 2O l
Ð

A
-XW�Y p4[Z�\ 1 ] l

ÒK^
l
ÒM_O`

2
O

l
Ð

B
A 2
O

l
Ð

Aa0b ].c d
5
Wfe

In
À

this work we areprimarily interestedin the interaction
between
Q

two 2s. atoms.	 Hence,therelevantorbitalsarethose
withÖ 1g

gh h and	 3
�@i

uT j symmetries- k in thecaseof spin-polarized
hydrogen
3

only the latter symmetryis relevantsinceall col-
lisions will thenhavetriplet spinl . Therearefour orbitalsof
eacha symmetryconverging to thenLnm nLporq 2

O
threshold.These

are	 degenerateasymptoticallys if spin-orbit interactionis ig-
noredt ,� but not for finite R. The actualmolecularstatescor-
relateK not to single productsof atomic states,but to linear
combinations._ Hence,we cannotfocusonly on the u 2s. A,2� s. B v
asymptote.	 The molecularinteractioncouplesthe 2s. and	 2p4
atomic	 states,and hencethere is a possibility for 2s.xw 2p4
transitions
�

to occurin elastic2s. -2s. collisions._ The structure
ofj Eq. y 5W>z willÖ still remain valid for the actual asymptotic
molecular states,althougheach term { 2l

Ð
A2l
Ð

B
A |~} willÖ be re-

placed2 by a linear combinationof suchterms.
Using
�

a symmetry-adaptedmolecularorbital of the form
in Eq. � 5W>� ,� the expectationvalueof the Hamiltonianis

���
mol � H� mol � � mol��� 1

1 ��� ll
Ò<����� 2O l

Ð
A2
O

l
Ð

B�0� H� mol � 2O l
Ð

A2
O

l
Ð

B�~�
�

p4������ 1 � l
ÒK�

l
ÒM� �

2l
Ð

A
- 2l
Ð

B¡0¢ Hmol£¥¤ 2l
Ð

A¦ 2l
Ð

B
AX§

¨T©nª
2
O

l
Ð

A2
O

l
Ð

B«¬ H� mol® 2O l
Ð

B̄2
O

l
Ð

A °±
p4³²�´ 1 µ l

ÒK¶
l
ÒM· ¸

2
O

l
Ð

A2
O

l
Ð

B¹0º H� mol» 2O l
Ð

B2
O

l
Ð

A¼0½¿¾ .À
6
]fÁ

Thefirst two termsarethedirectcontributionsto theenergy,
whichÖ will be treatedby perturbationtheoryin the following
section,- and the last two terms are the exchangecontribu-
tions.
�

Although approximateanalytical formulas valid for
large R exista for the exchangeterms Â 14Ã these

�
are quite

involved,
w

andherewe shall insteadextracttheexchangecon-
tribution
�

from our numericaldata.
The way to extract the exchangecontribution is easyto

infer from the form of Eq. Ä 6]fÅ . For 1Æ
gh Ç symmetry- onehas

p4[ÈÊÉ&Ë 1, while for 3
�@Ì

uT Í ,� p4�ÎTÏ&ÐÒÑ 1. Hence,we seefrom
Eq.
Ó Ô

6
]>Õ

that
�

for a 1Ö
gh × ,� 3

�@Ø
uT Ù pair2 of statesthatasymptotically

separate- to the samecombinationof atomicorbitals, the di-
rectcontributionsareidentical,while theexchangecontribu-
tions
�

differ by a factor Ú 1. Hence,the differencein energy
ofj thetwo statesequalstwice theexchangecontribution.The

exchangea contributionsfor the four pairsof statescalculated
in
w

Sec.II aredisplayedin Fig. 5.
W
¾

e seethat theexchangecontributionsaresmooth,expo-
nentially decreasingcurves. Some jitter on the level of
10Û 5

�
a.u.	 dueto numericalinaccuraciescanbe observedat

veryo large R. However, the exchangecontributionsclearly
show- the expectedexponentialdecreasewith distance.Con-
sidering- that the exchangecontribution is a very small en-
era gy differencethat hasbeenextractedfrom two nearlyde-
generateÁ states,theseresultsindicategoodaccuracyfor our
calculations_ all the way out to R

[ÝÜ
22
O

a.u.
At R Þ 22 a.u. the exchangeenergiesareof the orderof

10ß 5
�

a.u.	 or less,while the total binding energiesareof the
orderj of 10à 3

�
a.u.	 á the

�
only exceptionbeingthesecondstate

that
�

hasa binding energy 7.6â 10ã 5
�

a.u.	 and an exchange
enera gy 10ä 6



a.u.)	 . Hence,for R

[Ýå
22
O

a.u. the exchangeef-
fectsgive a negligiblecontributionto the total energy. In the
following sectionswe shall,therefore,ignoreexchangewhen
weÖ developasymptoticformulasfor the potentialenergies.

B. Long-range interaction

In this sectionwe shall look at the contributionsto the
potential2 energy arising from first-orderperturbationtheory
in
w

theelectrostaticatom-atominteraction.Sincethemolecule
dissociates
*

into neutralatomsthe interactionwill be of di-
pole,2 and higher multipole, type. For the molecularground
state,- dissociatinginto two ground-stateatomspossessingno
dipole
*

moment,theenergy correctionfrom first-orderpertur-
bation
Q

theoryvanishes.Thesameis true for hydrogenatoms
in
w

the 2s. state.- We shall, however, seethat throughthe de-
generacyÁ with the2p4 state,- a first-orderenergy shift appears.
In
À

fact, due to the previouslymentionedmixing inducedby
the
�

interaction,theasymptoticmolecularstatesturn out to be
linear
Ð

combinations ofj the different symmetry-adaptedmo-
lecularorbitals.

At
�

large internucleardistancesthe interactionof the two
atoms	 may be treatedas a perturbation,Hmol£¥æ Hatomsç è V,�
whereÖ V can_ be expressedin a multipole expansion

FIG. 5. Exchange contribution of state 1 é solidê ,� state 2ë
dashedì , state3 í long dashedî ,� andstate4 ï dash-dotted
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whereÖ Y lm
Ò is the sphericalharmonicand - lmÐ/.

l
Ð
1mÑ 1l

Ð
2mÑ 2 0 are	

Clebsch-Gordan
1

coefficients.The leadingterm in the expan-
sion- 2 7Z,3 is

w
l
Ð�4

2
O

, giving a contributionproportionalto 1/R
[ 3
�
,�

V3
�"5 1

R3
��6 r1 r2

;"7 3
/

z8 1z8 2
;�9 . : 8c,;

The next contributioncomesfrom l
Ð�<

4, giving a contribu-
tion
�

proportionalto 1/R
[ 5
�
. In the basisof the four degenerate

1=
gh > orj 3

�@?
uT A molecularÄ orbitals B 2O s. 2O s.DC ,�FE 2O p4 0

G
2
O

p4 0
G,H

,�
(1
�

/ I 2)(
OKJ
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O
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O
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2
O

s.QP ),6 and (1/ R 2)(
OKS

2
O

p4UT 2
O

p4UV WXOY
2p4[Z 2p4U\^] )6 thefirst-orderperturbationmatrix _ withoutÖ ex-

change_ ` up� to l
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Diagonalizationof Ṽ givesÁ thefour asymptoticeigenenergies
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10�
and	 the correspondingasymptotic eigenfunctionsare, to
leading
×

order � that
�

is, if termsproportionalto 1/R
[ 5
�

in
w

Eq. � 9r,�
are	 neglected� ,�

�
1 ��� 1�

2
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In
À

Fig. 6 the asymptoticexpressionsfor the energies are
compared_ to thenumericaldataafter removingtheexchange
enera gy asexplainedin Sec.III A. We find thattheasymptotic
enera gies accurately join the numerical results at R

[àß
22.
O

Hence,
�

our calculationin combinationwith the resultsin á 7Z,â
givesÁ the molecularenergies all the way from R

[àã
0
t

out to
nuclearY separationswherefine structureandLamb shift be-
come_ important.

IV. CONCLUSIONS

W
¾

e have calculatedthe energies and widths of the four
1ä

gh å and	 the four 3
��æ

uT ç states- asymptoticallyconverging to
the
�

energy è 0.25
t

a.u., characteristicof the nL�é 2,nLëêíì 2
atomic	 states.For short (R

[àî
6
]

a.u.) internucleardistances,
ourj resultsagreewell with thoseof SanchezandMartin ï 7Zñð .

FIG. 6. Numericalenergiesafter removingtheexchangecontri-
bution ò crossesó comparedto asymptoticenergies from first-order
perturbationtheory ô linesõ .�
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W
¾

e arenot awareof any previouscalculationof thesestates
for larger internucleardistances.We havecalculatedanalyti-
cally_ the asymptoticenergies of thesestatesin first-order
perturbation2 theory. From our numericaldata we extracted
the
�

exchangeenergy and we concludethat it is less than
10÷ 5

�
a.u.	 for R

[àø
22
O

a.u.
In a future work we will includethe effectsof spin-orbit

coupling_ andtheLambshift in ourasymptoticformulas.This
willÖ allow us to extendour calculationsof the collisional
quenching7 of the H(2s. )6 stateat finite temperaturesù larger
than
�

a few kelvinúüû 8c,ý into
w

the regimeof ultracoldcollisions,
relevantK for Bose-Einsteincondensationin hydrogen.
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