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Abstract

We have calculated cross sections and rate coefficients for elastic scattering,

ionization, and double excitation transfer in collision of two hydrogen atoms in

the 2s state. We find that for collision energies between 5� 10�10 a.u. and 10�6

a.u. elastic scattering has the largest cross section. For temperatures below

0.02K ionization is the dominant loss process, while for higher temperatures

double excitation transfer dominates. Our results for the total loss rate are

found to be within a factor 2 or 3 of the error bars of recent measurements.

In 1998 Bose–Einstein condensation of atomic hydrogen

was achieved [1]. In this experiment two-photon spectro-

scopy of the 1s–2s line was used to probe the temperature

and density of the condensate [2,3]. After recent improve-

ments to the apparatus at MIT more than 107 metastable

2s atoms were generated at densities greater than 1010 cm�3

and temperatures between 300mK and 20 mK [4]. The

natural life time of the 2s state is 0.122 s. At these densities

the life time is, however, significantly reduced by collisional

processes, known as collisional quenching. Understanding

of these quenching processes is an important step towards

using cold metastable hydrogen e.g. for precise measure-

ments of fundamental constants and atom optics.

Our earlier calculations of scattering of H(2s) atoms at

thermal energies [5] have recently been extended to the

ultracold domain [6]. Collisional quenching occurs from

associative ionization

Hð2sÞ þHð2sÞ ! Hþ
2 þ e�; ð1Þ

Penning ionization

Hð2sÞ þHð2sÞ ! Hð1sÞ þHþ þ e�; ð2Þ

and double excitation transfer

Hð2sÞ þHð2sÞ ! Hð2pÞ þHð2pÞ: ð3Þ

In our calculation the two ionization processes are not

resolved.

The calculation of the molecular � states asymptotically

correlating to Hðn ¼ 2Þ þHðn ¼ 2Þ was reported in Ref.

[7]. Briefly, an explicitly correlated basis in prolate-

spheroidal coordinates was used. Because of the ionization

process these potentials are complex. The imaginary part of

the potentials was calculated using a complex-scaling

approach for diatomic molecules [8].

We consider scattering of the H(2s) atoms with parallel

spins of the electrons (couplings to nuclear angular

momenta are neglected). Asymptotically this corresponds

to the atomic product state

�1 ¼ j2; 0; 0ij2; 0; 0i�11; ð4Þ

where jn; l;mi denotes the state of a hydrogen atom with

principal quantum number n; angular momentum l; and

projection of the angular momentum m; and �SMS
is the

spin function for two electrons with total spin S and

projection MS: This state has the symmetry 3�þ
u in the LS

coupling scheme. Since the 2s and 2p states are almost

degenerate, the molecular interaction strongly couples the

state �1 to states of the same molecular symmetry

asymptotically including 2p atoms. In total there are

four such 3�þ
u states, but it turns out that states

asymptotically including one 2s and one 2p atom do not

couple to the other states at large internuclear separations

[9]. Hence, the single excitation transfer process,

Hð2sÞ þHð2sÞ ! Hð2sÞ þHð2pÞ is expected to have a

very small cross section. We are therefore left with three

relevant 3�þ
u states, the complex potentials of which are

shown in Fig. 1. The additional atomic product states are

�2 ¼ j2; 1; 0ij2; 1; 0i�11; ð5Þ

�3 ¼
1
ffiffiffi

2
p ðj2; 1; 1ij2; 1;�1i þ j2; 1;�1ij2; 1; 1iÞ�11: ð6Þ

At low energies it is necessary to take the splitting

between the n ¼ 2 atomic states into account. The splitting

" ¼ 1:61� 10�7 a.u. between the 2p1=2 and the 2s1=2 states

is due to the Lamb shift, while the larger splitting

� ¼ 1:67� 10�6 a.u. between the 2p1=2 and the 2p3=2 states

is due to fine structure. Hence, to describe the atomic

product states including these splittings we need to use the

jj representation. The relevant asymptotic atomic product

states are shown in Fig. 2. For Hð2sÞ þHð2sÞ scattering at

energies less than �� 2" the inelastic Hð2p1=2Þ þHð2p1=2Þ
channel is open, while channels involving Hð2p3=2Þ atoms

are closed.

In the jj representation the molecular states are classified

according to gerade/ungerade symmetry and projection of

the total angular momentum of the electrons � ¼ �þ�;

where � is the projection of the orbital angular momen-

tum, and � is the projection of the spin. For two spin-

polarized H(2s) atoms the symmetry is � ¼ 1; ungerade.

At short internuclear separations the fine structure and� e-mail: jonsell@tp.umu.se
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Lamb shift are negligible compared to the separation

between the different potentials. Hence, the potentials in

the LS representation are good approximations for

separations of the order of 20 a.u. or less. However, due

to the spin-orbit coupling it is not sufficient to consider �

states only, but also � and � states corresponding to the

projection of total electronic angular momentum � ¼ 1:

We find that three more molecular states with symmetries
3�u;

1�u; and 3�u couple to the initial channel (4). The

potentials for these states were calculated using a Feshbach

projection technique [10], and are displayed in Fig. 3.

Asymptotically these potentials correspond to the follow-

ing atomic product states,

�4 ¼
1
ffiffiffi

2
p ðj2; 1; 0ij2; 1; 1i þ j2; 1; 1ij2; 1; 0iÞ�10; ð7Þ

�5 ¼
1
ffiffiffi

2
p ðj2; 1; 0ij2; 1; 1i � j2; 1; 1ij2; 1; 0iÞ�00; ð8Þ

�6 ¼
1
ffiffiffi

2
p j2; 1; 1ij2; 1; 1i�1-1: ð9Þ

We are left with six coupled potentials. Although some

coupling exist at all internuclear distances R; for R <� 20 a.u.
the energy differences between the potentials are much

larger than the typical couplings, and hence the transition

amplitude between potentials will be small. In this region

we therefore use the adiabatic potentials calculated in the

LS representation, ignoring couplings between the poten-

tials. For large internuclear distances the situation is quite

different, the couplings between potentials are of the same

order of magnitude as the fine structure splitting, and a

large number of avoided crossings occur between the

adiabatic potentials. Here the leading contributions to both

potentials and couplings can be calculated using first-order

perturbation theory. Additionally the fine-structure split-

Fig. 2. Atomic product states relevant for scattering of spin-polarized

H(2s) atoms.

Fig. 4. Long-range adiabatic potentials including splitting between atomic

states due to fine structure and Lamb shift.

Fig. 1. Potentials for the three relevant 3�þ
u potentials, (a) real energy, (b)

width. The dotted curves in (a) show the asymptotic energy calculated

using perturbation theory.

Fig. 3. � and � potentials that couple to the initial state of two spin-

polarized H(2s) atoms through spin-orbit coupling.
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ting � and Lamb shift " must be included. In the

representation defined by the atomic product states �i

[Eqs. (4–9)] the asymptotic interaction is given by the

matrix

V ¼

2" � 18
R3 � 9

ffiffi

2
p

R3 0 0 0

� 18
R3

4�
3
þ 864

R5
432

ffiffi

2
p

R5

ffiffi

2
p

�
3

ffiffi

2
p

�
3

0

� 9
ffiffi

2
p

R3
432

ffiffi

2
p

R5
4�
3
þ 432

R5
�
3

� �
3

0

0
ffiffi

2
p

�
3

�
3

4�
3
� 864

R5 � �
3

ffiffi

2
p

�
3

0
ffiffi

2
p

�
3

� �
3

� �
3

4�
3

ffiffi

2
p

�
3

0 0 0
ffiffi

2
p

�
3

ffiffi

2
p

�
3

2�
3
þ 216

R5

0

B

B

B

B

B

B

B

B

B
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C

C

C

C

C

C

C
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:

ð10Þ

Note that fine structure and Lamb shift also gives non-

diagonal interactions in the LS representation, although it

is diagonal in the jj representation. In fact if one sets � ¼ 0

then the couplings to � and � states vanish, as one would

expect when spin-orbit couplings are neglected. Figure 4

shows the six adiabatic potentials that result from

diagonalization of V:

The scattering calculation uses the matrix V transformed

to the jj representation, and matched to the complex

interaction potentials in the LS representation at short

internuclear distances. This results in six coupled Schrö-

dinger equations which are solved using multichannel

Numerov propagation. The resulting low-energy cross

sections for elastic scattering, ionization (1,2), and double

excitation transfer (3) are displayed in Fig. 5. For energies

5� 10�10 < E < 10�6 a.u. elastic scattering dominates. As

required by threshold laws the elastic cross section is

constant at low energies, while the inelastic cross sections

diverge as E�1=2: In the zero-energy limit the scattering

properties can be summarized by the scattering length

a22 ¼ 33� 22i Å.

In Fig. 6 we show the temperature averaged loss rates.

The loss rate is twice the scattering rate because two atoms

are lost in each scattering event. Ionization is the

dominating inelastic process for temperatures < 0:02K:

The total loss rate is compared to the experimental values

from Ref. [4]. Our theoretical values are within a factor of 2

or 3 of the experimental error bars. The discrepancy could

be due to effects not included in the theoretical calcula-

tions, such as the hyperfine interaction, nonadiabatic

couplings, and magnetic field dependencies of the poten-

tials. These effects will be the subject of future work.
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Fig. 5. Cross sections for scattering of spin-polarized H(2s) atoms, elastic

scattering (solid curve), ionization (short dashed curve), and double

excitation transfer (long dashed curve).

Fig. 6. Loss rate coefficient for ionization (short dashed curve), double

excitation transfer (long dashed curve), and total loss (solid curve). The

stars show experimental results from Ref. [4]
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