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�
A
�

methodfor including the correlatedmotion of the electronsin the calculationof singleanddouble
ionization of atomic and molecularsystemsby the absorptionof a single photon is described. The
correlated� dipole responsefunction is centralto the formulation. The singleanddoublephotoionization
cross� sectionsof helium are calculated. We show that the methodaccuratelycorrectsfor the error
that
�

is presentat high energieswhen the length gaugeis usedto characterizethe photon interaction.
The cross sections obtained from the length, velocity, and accelerationgaugesare brought into
agreement	 with eachotherandwith crosssectionscalculatedfrom the many-bodyperturbationtheory.
[S0031-9007(97)03175-X]

PACSnumbers:32.80.Fb

A



centralproblemin theoreticalatomicandmolecular
physics� is the inclusion of the correlatedmotion of the
electrons� of the system. Much attention [1] has been
given to the double ionization of helium by a single
photon� becausethe process occurs only through the
effects� of correlation. Taking correlationinto accountin
the
�

descriptionof thefinal continuumstatewavefunction
presents� severedifficulties. Severalapproacheshavebeen
pursued,� includingthemany-bodyperturbationtheory[2–
4], close-coupling[5,6], and � -matrix procedures[7,8]
with� a discretizationof the continuum. Others [9–13]
haveemployedexplicit distortedwaveapproximationsto
the
�

final statewavefunction.
In
�

this Letter,we explorethe applicability of a formu-
lation
�

in which the emphasisis placedon the inclusion
of� correlationin the dipole responsefunction of the sys-
tem.
�

Themethodis thensimilar in physicalcontentto the
previous� studies,but hasthe advantagethat the difficul-
ties
�

associatedwith final statecorrelationcanbe handled
using� well-established��� methods. The same��� meth-
ods� canalsobe usedto describecorrelationin the initial
statewavefunction. Theaccuracyof thecalculatedcross
sectionsis then limited only by the convergenceof the���

basis
�

sets. In the presentwork, we employcorrelated
Hylleraasbasissetswhich areknownto convergequickly
[14]. We carry out calculationsin the length, velocity,
and� accelerationgauges.Previouscalculations[6,7] have
demonstrated
�

that the length gaugeis prone to error at
high
 

frequencies[15]. We showthat our procedurecon-
verges! rapidly and brings the results obtainedwith the
different
�

gaugesinto agreement.
The
"

photoionizationcross section of a photon with
energy� #$&% is given in atomicunits in termsof the dipole
matrix elementby theexpression
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�

where� P5Q isR theinitial wavefunction, S:TU is
R

thefinal wave
function,
V W

is
R

the dipole moment,and XY is
R

the direction
of� linearly polarizedlight. If Z\[ and� ]L^ are� the position

vectors! of thetwo electronsand _a` and� bdc their
�

momenta,
the
�

dipolemomentcanbeexpressedin thelength,velocity,
and� accelerationgaugesin theformsegfihkj\lnmpo8qsr t�uwvyx{z}|�~��G�a�n�p�d�L���

�d�i�+���}�\� �\�������
�L�
���� �

(2)
�

where�   is the nuclear charge. In the caseof single
ionization, the final state wave function describesthe
process� ¡¢¤£¦¥

He § Hë¤©Gª-«¬=®)¯±°a²´³\µG¶1·¹¸ , where º and�»
are� the quantumnumbersof the final state of He¼ ,

and� ½1¾ and� ¿OÀ are� the energyand angularmomentumof
the
�

ejectedelectron. In double ionization ÁÂ&ÃÅÄ
He
Æ Ç

He
ÆÉÈËÊÍÌkÎ±ÏaÐ´Ñ\Ò\Ó}ÔÖÕ±×ÙØ´Ú\ÛJÜ1ÝßÞ

, where à and� á\â are� the en-
ergies� of the ejectedelectronsand ã and� ä1å are� their re-
spectiveangularmomenta. In the limit of high photon
energies,� only æèçké and� ê1ëÙìîí contributeï to the cross
sections[16].

Thefinal statewavefunction ð:ñò maybewritten

óGô:õöø÷úùüûGý�þÿ���� ����	��
���������������� (3)
�

in which � is the total energyof the system,���! �"$#%
is the systemHamiltonian, and &�'�()�* is the solution

in the absenceof the interactionpotential + between
�

the
separatedsystems. Thedipolematrix elementis [17],.-0/21 354�6$78:9�;!<.=?>2@ A5B�C�DE�F�GIHKJ0LNM�O�P�QR�S�T (4)

�
where�

U VXW�Y Z[�\^]�_a`cbed5fNg0h�i (5)
�

defines
�

the dipole responsefunction. If we representj k�l
by
�

an expansionin a discretebasis m�nporq , such thats.tpuwv xzy�{}|p~��X�!���������}�
, then

� �����
�
���p�r���.�p��� �5���?���
�¡ I¢:£ ¤ (6)
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With
«

this choicefor ¬ �® , the difficulties associatedwith
the
�

final state correlation can be handled using well-
established� bound-statē±° procedures.� In thepresentfor-
mulation,² basisfunctions ³�´}µ�¶ are� comprisedof correlated
Hylleraas-type
Æ

functions[14].
We
«

describethe asymptoticscatteringsolution corre-
spondingto simultaneousexcitationandionizationto the
state ·¹¸�º¼»¾½À¿¹ÁÃÂ�Ä by

�
theuncorrelatedproductstatefunction

ÅXÆÇÉÈ�ÊÌËÎÍÐÏ¾Ñ.ÒXÓ ÔÕ ÖØ×KÙpÚ�ÛÝÜ�ÞÌß2àKáãâ.ä å�æNç�è¾é¾ê0ë	ìpíïîÝð�ñ.òôóKõãöø÷ ù2úüû�ýÌþ2ÿ����
(7)
�

where� ����� 	�
 is
R

an energy-normalizedregular Coulomb
function
V

and ���� is
R

an eigenfunctionobtainedby diago-
nalizing� thesingleelectronHamiltonianin a 25-termStur-
mian² basisset. Theenergy ��� that

�
specifiestheCoulomb

function is obtainedfrom �����������! , where "!# is the
eigenvalue� associatedwith $!%'& . Heller, Reinhardt,and
Yamani[18] haveshownthat theuseof a Sturmianbasis
set is equivalentto performinga Gaussianquadratureof
the
�

energyspectrum. Therefore,it is possible[6] to write
for thetotal crosssectionfor singleionizationby a photon
of� energy ()+* ,

,.-0/21�3�4
5
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(8)
�

and� for thecrosssectionfor doubleionization

PRQTSVU
W
X�Y[Z>\ ]_^ `�acb

dfeEgihkj�lNm�nNo�p
(9)
�

where� qsr�t is thetotal numberof termsin theSturmian
basis
�

setand u!v is
R

the index correspondingto the lowest
positive� eigenvaluewyx .

The
"

initial state wave function was expandedin a
correlatedï Hylleraasbasisset[14]
z2{�|~}������C���k����i���������C� exp� �k�����k�����.���@�@ E¡£¢¤k¥§¦'¨�©~ª«�¬�k®¯@°@±�²

(10)
�

where� ³µ´£¶·k¸§¹'º are� total angularmomentumeigenfunctions
with� orbital momentum» and� magneticquantumnumber¼

, and ½�¾À¿ is the antisymmetrizationoperator. In (10)
all� termsare included such that ÁÃÂÅÄÇÆÉÈ�ÊÌË . The
parameters� Í and� Î were� optimized in order to obtain
the
�

lowesteigenvalue.To testfor sensitivityto the initial
statewave function, we varied Ï from

V
1 to 6 yielding

eigenvalues� rangingin accuracyfrom Ð@ÑµÒiÓ to
�ÕÔcÖµ×�Ø

. We
found
V

that the cross sectionsare very sensitive to the
representationÙ of ÚÜÛ when� calculatedin the length and
velocity! gauges,andareleastsensitivein theacceleration
gauge. For the dipole responsefunction (6) we retained
112 termsin the correlatedHylleraasbasisset (10) with
the
�

appropriatesinglet Ý symmetry. We restrictedour
calculationsï to high energieswherewe mayassumeÞ�ß�à
and� á�â�ã�ä . At lower energies,higher partial waves
would� needto be included.

The
"

total crosssectionsobtainedwith thelengthformu-
lation
�

usingthefirst termof expression(4) andusingboth
terms
�

for single and double ionization are comparedin
Fig.
å

1. Also includedin Fig. 1 arethemany-bodypertur-
bation
�

theoryresultsof Hino etæ al. [3]. The closeagree-
mentbetweenour resultsandtheresultsof themany-body
perturbation� theorysuggeststhatthedipoleresponsefunc-
tion
�

hascorrectedtheerrorassociatedwith usingonly the
first termin (4). In similar calculationsusingthevelocity
and� accelerationgauges,the contributionfrom the dipole
responseterm is small, and accurateresultsareobtained
using� only the first term. The different behaviorof the
three
�

gaugescanbeunderstoodby theperturbationtheory
analysis� of DalgarnoandLewis [19].

The
"

method also yields reliable values of the cross
sectionsfor simultaneousexcitationand ionization. The
ratiosÙ of the çcè , éëê , ìëí , and î�ï crossï sectionsto the total
crossï sectionsareindependentof energyabove1 keV and
equal� to the respectivevalues 0.9296, 0.0446, 0.0055,
and� 0.0018obtainedfrom the asymptoticformulation of
Dalgarno and Stewart [16,20]. The ratio of double to
single photoionizationcross section is nearly constant
above� 2 keV, consistentwith thepreciseasymptoticvalue
of� 1.64%obtainedby Forreyetæ al. [20].

Figure1 showsthat the representationof thefinal state
wave� functionin (7) is inadequateat low energiesandour
crossï sectionsloseaccuracy. Preliminarycalculationson
a� modelproblemsuggestthat themethodwill besuccess-
ful
V

at low energiesprovidedwe usethecorrectasymptotic
form
V

in (3). We aremodifying our computationalproce-
dures
�

to includethe irregularCoulombfunction in a dis-
torted
�

wavetreatmentthatcanbeusedat low energies.

FIG. 1. The crosssectionsfor singleanddoubleionizationof
helium by a single photon. The dashedcurvesare calculated
in the length gaugewith the first term of (4) and the solid
curves with both terms. The upper two curves refer to ðòñ
and the lower two to óõô�ö .÷ The diamondsare the many-body
perturbationtheoryresultsof Hino etø al. [3].
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