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Parametric equations of motion for the transition operator and the Green’s operator
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An approachbasedon parametricequationof motionfor the transitionoperatorandthe Greens operatoris
presentedThe formulation appliesgenerallyto discreteand continuousstatesof quantum-mechanicahany-
body systems The methodprovidesan alternativeto solving the Schralinger equationas a boundaryvalue
problemby replacingit with an equivalentinitial value problem.
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It has long been recognizedthat directly solving the
Schralinger equation for quantum-mechanicamany-body
systemscanbe prohibitively difficult andalternativesaiming
at simplifying theseproceduresare desirable.Conventional
methodsjn general dealwith the Schralingerequationasa
boundaryvalue problem either explicitly or implicitly. For
bound statesystems Pechukag 1] proposeda different ap-
proach by treating Plancks constant/ as a parameter
therebyconvertingthe Schralingerequationinto a paramet-
ric equationof motion (PEM) with respecto 7 to be solved
as an initial value problem. This approachhas beenem-
ployedto investigatequantumchaos[2—-4] eigenvaluesand
eigenvector®f boundquantumsystemg5,6], molecularpo-
tentials[7], andthe dependencef photodynamic®n differ-
ent field parameterg8,9]. Theseearlier PEMs have, how-
ever focusedon the treatmentof bound states,and, to the
bestof our knowledge therehasbeenno effort to derivea
PEM for continuousstatesIn this paper we presenta more
comprehensivé®’EM approachto a generalqguantummany-
body systemfor both discretebound statesand continuous
scatteringstates.We derive PEMSs for physically important
quantities,the transition operatoy and the Greens operator
and show that thesePEMs can successfullyreplacethe nu-
merically difficult boundaryvalue problemwith an equiva-
lentinitial value problem.

For a Hamiltonian,

Hy=Hg+tAV, (1)

where Hy and V are independentof \, the Lippmann-
Schwingerequationfor the transitionoperatorT is given by

T\(ET)=AV+AVGHE")T,(ET), 2
whereGy(E*)=(E—H,+i€) 1. Takingthe derivativewith
respectto \ on both sidesof Eq. (2) and performingsome

operatoralgebrawe obtainthe PEM for thetransitionopera-
tor,

dT)\(E+) 1 + + + +
i~ X [TM(E)+T(E")Go(EN)TL(E")] (3)

with the initial conditions
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PACS numbets): 03.65.Nk,03.65.Ge

dT,(E™
To(E*)=0 and —t;)\ ) =V. (4
A=0

Equation(3) may be solved by propagating\ from 0 o 1
using standardtechniquedfor integratingordinary differen-
tial equations.This PEM for the transition operatoris en-
tirely generaland can be appliedin principle to any many-
body system. It is particularly appealingto use it for
determinatiorof transitionmatriceswhosewave vectorsare
off the enepgy shell sincethe solutionof PEM automatically
containsall the matrix elements.

The coupling of the transition operatorand the Greens
function in Eg. (3) requiresintegrationover the entire mo-
mentum space.Numerically this can be very demanding
sincethe T matrix generallyoscillatesrapidly asthe length
of the wavevectorsand/orthe incidentenepgy increasesand
its amplitudevanishesvery slowly in the asymptoticregion
(roughly, inversely proportionalto the length of the wave
vecton. Herewe derivean alternativeapproacho obtainthe
T matrix by further developinga PEM for the Greens op-
erator Differentiatingthe equation

G\(E")=Go(E")+Go(E")TH(ET")Go(E™), (5)
we have

dG,(E")
dx

dT,(E")

— +
=Go(E") —

Go(E™). (6)

Substitutionof Eq. (3) into Eq. (6) yields

dG,(E*
—;,; LG, (E VG (E). @)
Equation(7) is the PEM for the Greens operatorA numeri-
cal implementationof this equationcan be readily carried
out. Unlike the caseof the T-matrix PEM, it doesnotinvolve
principal valueintegrationarising from the Greens operator
G, . Becausehe potentialfunctionV vanishegapidly asthe
interparticledistanceincreasesthe PEM for G offers better
numericalstability.

The utility of the PEM approachmay be easily demon-
stratedusingan example.Sincethe goal of this approachs
to replacethe numericallydifficult boundaryvaluescattering

©2002 The AmericanPhysicalSociety



HANSONG CHENG,HERSCHELRABITZ, AND ROBERT C. FORREY

problemby an initial value problem,we considerT-matrix
elementsin a square-integrabléL?) basisset. This is not a
requiremenbf the PEM approachbutit doesallow theusual
asymptoticmatchingprocedureso be avoided.The PEM for
the T-matrix elementds

d 1 .
d_)\<¢i|T)\|¢j>=X <¢i|T>\|¢j‘>+kEJ (il Ty )G (ET)

X($iTaléy) |, 8)

where ¢; is anL? basisfunctionand Gy (E™) isthe matrix
representationf the outgoingwave Greens operatorG in
the L? basisset. |t is convenientto define

Gi(ET) =Gy (E)—iFy,(E), 9)

<¢k| 0m>< 0m| ¢!>
Gri(E)=2, T E-E,

(k| Oe)( Ol "o

bxl O)( Okl 1)
Fri(BE)=m EE—
E

In the matrix representatiomsedabove, §,, and E,,, denote
the mth eigenfunctionand eigenvalueof Hy, andwpg is an
equivalentquadratureweight [10] that providesan enegy

renormalizatiorof the unit-normalizedmatrix eigenfunction.

The notation #¢ indicatesthat an interpolationof the matrix
eigenfunctionhas beenperformedand evaluatedat the en-
ergy E. The on-shellT-matrix elementand crosssectionare
given by

<E|TK|E>=i2} Fii(EX T\l &), (12)

41 ’
o=z KE[T\|E)[. (12

A mathematicallyequivalentbut numerically more efficient
approachis obtained using Eq. (7). The PEM for the
G-matrix elementss

d
ax (@16 d) =2 (811Gl s dlVIdn) (Gl )
(13
with the initial condition Gy given by Eq. (9). The desired

T-matrix elementis given by Eqg. (11) using the solutionto
Eq. (13) andthe identity

<¢iml¢,~>=<¢i|VI¢j>+kEJ (&i|V] i) DGyl )

X(d1|VIdy). (19
It is worth noting that althoughthe first termin Eq. (14) is
identical to the leading-orderterm of a perturbativeBorn
series,the PEM formulationis nonperturbativeln fact, this
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FIG. 1. Crosssectionasa function of k for an exponentialpo-
tential (n=0). The solid lines arethe “exact’ resultscomputedby
numericalintegrationof the Schralinger equation.

is oneof the strengthf the methodin thatit maybe applied
to problemswhere perturbationtheory breaksdown. To see
this, we solve the PEMsfor the G-matrix and T-matrix ele-
mentsover a wide rangeof enegiesusinga Laguerrepoly-
nomial basissetand a potentialenegy function of the form

e*!‘
<
The code was testedfor zero angularmomentumusing an
exponential potential (n=0) and a Yukawa potential (n
=1). The crosssectionsare shownin Figs. 1-3 asa func-
tion of wavenumberk. Eachcalculationused40 basisfunc-
tions. The PEM resultsfor the G-matrix methodwere iden-
tical to thosefor the T-matrix method.The G-matrix method,

howeverwassignificantlymoreefficientin propagatingover
\ (seethe discussiomabove. The “‘exact” resultsshownon

V(r)=C (15
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FIG. 2. Crosssectionasa function of k for a Yukawapotential
(n=1). Thesolid lines arethe “exact” resultscomputedby nu-
mericalintegrationof the Schralinger equation.
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FIG. 3. Crosssectionasa function of k for a Yukawapotential
(n=1). Thesolid line is the “‘exact” resultscomputedby numeri-
cal integrationof the Schralinger equation.

the graphswere computedby numericalintegrationof the
Schralingerequation.The figuresshowthatthe PEM results
arewell-convegedfor mostvaluesof k. The convegenceis

slower at very low wave numbersand at very high wave
numbers.At the very low wave numberswhere Wigner
thresholdlaws apply, morebasisfunctionsare neededo ad-
equatelyrepresenthe wave function at large distancesAt

very high wave numbersthe Laguerrepolynomial basisset
hasdifficulty representinghe manyoscillationsthatoccurat
such high enegies. In this case,however the contribution
from the secondtermin Eq. (14) is negligible and the slow
convegenceis unrelatedto the PEM formulation. Figure 3
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showsthat the convegencerate alsodecreaseasthe poten-
tial couplingis increasedparticularlyat high enepgies.These
resultssuggestthat the choice of basissetis an important
consideratiorwhenapplyingthe PEMsto a particularprob-
lem and that further investigationis needed.Nevertheless,
the resultsclearly demonstratéhat the PEMs provide a nu-
merically stablefoundationfor computingthe propertiesof
quantum-mechanicaystems.

In summarywe haveobtainedthe PEMsfor thetransition
operatorand the Green$ operatorfor many-bodysystems.
PEMs for other quantities,such as the scatteringoperator
and wave function, can be readily derivedin a similar way
using the PEM for the Greens operator We testedthe nu-
mericalpropertiesof the PEMsusinga square-integrablba-
sis set and a model potential-enagy function. The unique
advantageof the PEM approachis that it allows full
quantum-mechanicatalculationsusing standardnumerical
techniquesfor solving initial value ordinary differential
equationsThe PEMsthusoffer an alternativeto the conven-
tional quantum-mechanicahethodsfor calculationof physi-
cal quantities which would otherwiserequirethatthe Schro
dinger equationbe solved directly. The evaluationof the
transitionmatrix may be convenientlyperformedfor the en-
tire enegy spectrunregardles®f beingon or off the enegy
shell. Calculationof the Greens functionsfor both discrete
andcontinuousguantumstatesmay alsobe performedeasily
by taking advantageof the narrow range of most potential
functions which vanish at sufficiently large interparticle
separations.
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