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An approachbasedon parametricequationsof motionfor thetransitionoperatorandtheGreen’s operatoris

presented.	 The formulationappliesgenerallyto discreteandcontinuousstatesof quantum-mechanicalmany-
body



systems.The methodprovidesan alternativeto solving the Schrödinger equationas a boundaryvalue
problem	 by replacingit with an equivalentinitial valueproblem.
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It has long been recognizedthat directly solving the
Schro
�

¨dinger
�

equation for quantum-mechanicalmany-body
systems� canbeprohibitively difficult andalternativesaiming
at� simplifying theseproceduresare desirable.Conventional
methods,in general,dealwith theSchrödinger

�
equationasa

boundary
�

value problem either explicitly or implicitly. For
bound
�

statesystems,Pechukas� 1� proposed� a different ap-
proach� by treating Planck’s constant � as� a parameter,
thereby
�

convertingthe Schrödinger
�

equationinto a paramet-
ric equationof motion � PEM� with� respectto � to

�
be solved

as� an initial value problem. This approachhas been em-
ployed� to investigatequantumchaos � 2–

�
4� eigenvalues and

eigenvectors of boundquantumsystems! 5,6
"$#

,% molecularpo-
tentials
� &

7
')(

,% andthedependenceof photodynamicson differ-
ent field parameters* 8,9

+$,
. Theseearlier PEMs have,how-

ever , focusedon the treatmentof boundstates,and, to the
best
�

of our knowledge,therehasbeenno effort to derive a
PEM for continuousstates.In this paper, we presenta more
comprehensive- PEM approachto a generalquantummany-
body
�

systemfor both discreteboundstatesand continuous
scattering� states.We derive PEMs for physically important
quantities,. the transitionoperator, and the Green’s operator
and� show that thesePEMs can successfullyreplacethe nu-
merically/ difficult boundaryvalue problemwith an equiva-
lent initial valueproblem.

For a Hamiltonian,

H 021 H0
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where� H0
3 and� V are� independentof : ,% the Lippmann-

Schwinger
�

equationfor the transitionoperatorT is given by
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respectto [ on\ both sidesof Eq. ] 2̂ and� performingsome
operator\ algebra,we obtainthePEM for thetransitionopera-
tor
�
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with� the initial conditions
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Equation � 3�)� may be solvedby propagating� from 0 to 1
using� standardtechniquesfor integratingordinary differen-
tial
�

equations.This PEM for the transition operatoris en-
tirely
�

generaland can be appliedin principle to any many-
body
�

system. It is particularly appealing to use it for
determination
�

of transitionmatriceswhosewavevectorsare
of\ f the energy shell sincethe solutionof PEM automatically
contains- all the matrix elements.

The coupling of the transition operatorand the Green’s
function
�

in Eq. � 3�)� requires� integrationover the entire mo-
mentum/ space.Numerically, this can be very demanding
since� the T matrix generallyoscillatesrapidly as the length
of\ thewavevectorsand/ortheincidentenergy increases,and
its
�

amplitudevanishesvery slowly in the asymptoticregion�
roughly� , inversely proportional to the length of the wave

vector�   . Herewe deriveanalternativeapproachto obtainthe
T matrix by further developinga PEM for the Green’s op-
erator . Dif ferentiatingthe equation
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Substitution
�

of Eq. Í 3�)Î into
�

Eq. Ï 6Ë)Ð yieldsÑ
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is
�

the PEM for the Green’s operator. A numeri-
cal- implementationof this equationcan be readily carried
out.\ Unlike thecaseof theT-matrix PEM, it doesnot involve
principal� valueintegrationarisingfrom the Green’s operator
G
P

0
3 . BecausethepotentialfunctionV vanishes� rapidly asthe

interparticledistanceincreases,the PEM for G
P

of\ fers better
numericalå stability.

The
æ

utility of the PEM approachmay be easily demon-
strated� usingan example.Sincethe goal of this approachis
to
�

replacethenumericallydifficult boundaryvaluescattering
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problem� by an initial value problem,we considerT-matrix
elements in a square-integrable(L

ð 2)
S

basisset.This is not a
requirementof thePEM approach,but it doesallow theusual
asymptotic� matchingproceduresto beavoided.ThePEM for
the
�

T
m

-matrix elementsis

d
_

d
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i is an L2
,

basis
�

function andG
P

k
�

,l
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S
is the matrix

representation� of the outgoingwaveGreen’s operatorG
P

0
3 in
�

the
�
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�

set.It is convenientto define
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In the matrix representationusedabove, e mB and� EmB denote
�

the
�

mf th
�

eigenfunctionand eigenvalueof H
g

0
3 ,% and wd E is

�
an

equivalent quadratureweight h 10i that
�

providesan energy
renormalizationof theunit-normalizedmatrix eigenfunction.
The
æ

notation j E indicates
�

that an interpolationof the matrix
eigenfunction hasbeenperformedand evaluatedat the en-
er gy E. The on-shellT-matrix elementandcrosssectionare
givenk by

l
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A mathematicallyequivalentbut numericallymore efficient
approach� is obtained using Eq. � 7'*� . The PEM for the
G
P

-matrix elementsis
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with� the initial condition G
P

0
3 givenk by Eq. ± 9:*² . The desired

T
m

-matrix elementis given by Eq. ³ 11́ using� the solution to
Eq. µ 13¶ and� the identity
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It is worth noting that althoughthe first term in Eq. à 14á is
identical to the leading-orderterm of a perturbativeBorn
series,� the PEM formulation is nonperturbative.In fact, this

is oneof thestrengthsof themethodin thatit maybeapplied
to
�

problemswhereperturbationtheorybreaksdown. To see
this,
�

we solve the PEMsfor the G
P

-matrix andT
m

-matrix ele-
mentsover a wide rangeof energiesusinga Laguerrepoly-
nomial basissetanda potentialenergy function of the form

V â rã3ä3å C
eæ�ç rè
rã né . ê 15ë

The codewas testedfor zero angularmomentumusing an
exponential potential (nìHí 0

�
) and a Yukawa potential (nìî 1). The crosssectionsareshownin Figs. 1–3 asa func-

tion
�

of wavenumberk
ï
. Eachcalculationused40 basisfunc-

tions.
�

The PEM resultsfor the G
P

-matrix methodwere iden-
tical
�

to thosefor theT-matrix method.TheG
P

-matrix method,
however
ð

, wassignificantlymoreefficientin propagatingoverñóò
see� the discussionaboveô . The ‘‘exact’’ resultsshownon

FIG. 1. Crosssectionasa function of k for an exponentialpo-
tential (n õ 0). Thesolid linesarethe ‘‘exact’’ resultscomputedby
numericalintegrationof the Schrödingerequation.

FIG. 2. Crosssectionasa function of k
ö

for
÷

a Yukawapotential
(n ø 1). The solid lines are the ‘‘exact’’ resultscomputedby nu-
merical integrationof the Schrödingerequation.

HANSONG CHENG,HERSCHELRABITZ, AND ROBERT C. FORREY PHYSICAL REVIEW A 66,ù 022704 ú 2002û

022704-2



the
�

graphswere computedby numerical integrationof the
Schro
�

¨dinger
�

equation.Thefiguresshowthat thePEM results
are� well-convergedfor mostvaluesof k

ï
. Theconvergenceis

slower� at very low wave numbersand at very high wave
numbers.At the very low wave numberswhere Wigner
threshold
�

lawsapply, morebasisfunctionsareneededto ad-
equately representthe wave function at large distances.At
very� high wavenumbers,the Laguerrepolynomialbasisset
hasdifficulty representingthemanyoscillationsthatoccurat
such� high energies. In this case,however, the contribution
from
�

the secondterm in Eq. ü 14ý is
�

negligibleandthe slow
conver- genceis unrelatedto the PEM formulation.Figure 3

shows� that the convergenceratealsodecreasesasthe poten-
tial
�

couplingis increased,particularlyat high energies.These
results� suggestthat the choice of basisset is an important
consideration- whenapplyingthe PEMsto a particularprob-
lem and that further investigationis needed.Nevertheless,
the
�

resultsclearly demonstratethat the PEMsprovidea nu-
merically/ stablefoundationfor computingthe propertiesof
quantum-mechanical. systems.

In summary, we haveobtainedthePEMsfor thetransition
operator\ and the Green’s operatorfor many-bodysystems.
PEMs
þ

for other quantities,such as the scatteringoperator
and� wave function, can be readily derivedin a similar way
using� the PEM for the Green’s operator. We testedthe nu-
mericalpropertiesof thePEMsusinga square-integrableba-
sis� set and a model potential-energy function. The unique
advantage� of the PEM approach is that it allows full
quantum-mechanical. calculationsusing standardnumerical
techniques
�

for solving initial value ordinary differential
equations. ThePEMsthusoffer analternativeto theconven-
tional
�

quantum-mechanicalmethodsfor calculationof physi-
cal- quantities,which would otherwiserequirethat theSchrö-
dinger
�

equationbe solved directly. The evaluationof the
transition
�

matrix may be convenientlyperformedfor the en-
tire
�

energy spectrumregardlessof beingon or off theenergy
shell.� Calculationof the Green’s functionsfor both discrete
and� continuousquantumstatesmayalsobeperformedeasily
by
�

taking advantageof the narrow rangeof most potential
functions
�

which vanish at sufficiently large interparticle
separations.�
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