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V
�

ariationalcalculationsof the ground-stateenergy of helium areperformedusinga basissetrepresentation
that
�

includesan explicit treatmentof the Fock expansionin hypersphericalcoordinates.The constructionof
basis
�

functionsthat havethe correctcuspbehaviorat three-particlecoalescencepointsand the evaluationof
integralscontainingthesefunctionsis discussed.Thebasissetin hypersphericalcoordinatesis addedto a basis
set� consistingof productsof Laguerrepolynomialsin perimetriccoordinates.It is demonstratedthat theuseof
Fock
�

basisfunctionsprovidesa substantialimprovementin the convergencerateof the basissetexpansion.
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I. INTRODUCTION

A
�

two-electron atomic system is an excellent testing
ground� for new quantumtheoriessince it is the simplest
system� with enoughcomplexityto containthe main features
of� a many-body theory. This complexity arises from the
electron-electron� Coulombenergy which dependson the in-
terelectronic
�

distancer12��� r� 1 � r� 2 � . Furthermore,the scaled
Hamiltonianfor infinite nuclearmassandcharge Z,� given in
atomic� units by
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does
0

not dependon anyexperimentalconstantswhosevalues
change1 with improvements in measurementtechniques.
Therefore,it providesa standardfor theoreticalcalibration.
After
�

the wave function belongingto this Hamiltonianhas
been
2

obtained,it is possibleto computeperturbativecorrec-
tions
�

to thenonrelativisticenergy. It hasbeenestablished3 14
that
�

relativistic andQED correctionsto the energy levelsof
an� atomicor molecularsystemrequirehighly accuratenon-
relativistic5 wave functions.Rayleigh-Ritzvariationalcalcu-
lationsprovidea wave function with relativeerror approxi-
matelyproportionalto thesquareroot of the relativeerror in
the
�

energy. Therefore, if nonrelativistic variational wave
functions
6

areto be usedfor perturbativeapplications,andif
the
�

energies are used to estimatethe quality of the wave
functions,thenit is necessaryto calculatethe nonrelativistic
ener� gies to far greateraccuracythan would otherwisebe
needed.7

The successof variationalcalculationsdependsupon the
rateof convergenceof the basisset expansionusedto con-
struct� the trial wave function. The convergencerate is con-
trolled
�

by the analytic structureof the exactwave function8
2–79 . For problems in atomic or molecular physics, the

mainconsiderationwhenconstructingtrial wavefunctionsis
the
�

cuspbehaviorat two particlecoalescences.This behavior
is
:

describedby the Kato condition ; 2<>=
?%@ ˆA
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whereV W
i j is the reducedmassof particlesi

X
and� j

Y
,� qK i and� qK j

L
are� the chargesof the two particles,and the caretover the
waveV function denotesa sphericalaverage.A lesserbut still
veryZ importantconsiderationis the cuspbehaviorat three-
particle[ coalescences.This behavioris believedto be prop-
erly� describedby the Fock expansion\ 8–
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whereV useof the hypersphericalcoordinatesr,�d� ,� and ��� de-
0

fined
�

in Eqs. � 18� – � 20
<��

below
2 �

reveals5 the presenceof a
logarithmic
�

singularityasthehyperradiustendsto zero.This
regionis only a tiny part of the full configurationspaceand
is oftenneglectedwhenconstructingtrial wavefunctions.In
such� cases,the convergencerate can be very slow, particu-
larly
�

if the basisfunctionsthat mustapproximatethe neigh-
borhood
2

of thesingularityareinflexible.A primaryobjective
of� this work is to handlethe logarithmicsingularitydirectly
so� thattheremainderof thebasissetis freeto concentrateon
regions5 of configurationspacethatarefurtherawayfrom the
nucleus.If successful,this strategyshould provide an im-
proved[ convergence rate for the basis set expansion,or
equivalently� , a more compactrepresentationof the helium
waveV function.

Many differentbasissetshavebeenappliedto thehelium
Hamiltonian � 1� withV varyingdegreesof success.It is not the
intent
:

of this work to provide a completeaccountof the
many� contributionsthat havebeenreportedin the literature
for this problem.However, we would like to benchmarkthe
present[ method,so it is useful to provide a brief review of
some� of thecurrentstandards.Onevery successfulmethodis
to
�

use a Hylleraas-typebasis set � 14� whichV effectively
handlestheelectroncorrelationthroughuseof r12 as� a coor-
dinate.
0

A relatedmethodintroducedby Drake � 15,16� uses�
‘‘doubled’’ basis sets in which two different exponential
scale� factorsareusedfor eachcombinationof rB 1

i rB 2
j
L
rB 12

k
j

. This
method,� originally designedfor statesof high angularmo-
mentum� � 15� ,� has beensuccessfullyapplied to S

�
-statesby

Drake � 16� and� alsoby Kleindienst,Lüchow1 , andMerckens�
17� . Thesebasissetsbuild in the two-particlecuspsdueto

the
�

linear termsin rB 1 ,� rB 2,� andrB 12,� but generallyhavediffi-
culty1 handling the three-particlecusp characterizedby the
logarithmictermsof theFockexpansion.Nevertheless,these
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basis
2

setstend to be very flexible, particularly the doubled
basis
2

sets,so that the three-particlecuspmay be adequately
approximated� if enoughfunctionsareused.Anothermethod,
introduced
:

by FrankowskiandPekeris¥ 18,19¦ ,� usesthebasis
functions

§
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This
ã

basissetprovidesthe correctcuspstructureat all two-
particle[ coalescencesdue to linear terms in r1 ,� r2

# ,� and r12
and� thecorrectsingularitystructureat the three-particlecoa-
lescence
�

sincethe logarithmic termsof the Fock expansion
are� expandablein powers of s¬ ,� ln(s¬ ),ä and (t­ /¹ s¬ )ä . For the
ground� state,the nonlinearvariationalparameterc¾ is

:
zero,

and� it is requiredthat l
Î

be
2

evenin order to ensurethat the
basis
2

set has the proper symmetryunder exchangeof par-
ticles
�

rB 1 å rB 2,� or equivalently, t­«æèç t­ . For excitedstates,c¾ is
:

used� to build in thecorrelationthatoccurswhenoneelectron
is closeto the nucleuswith the otherelectronfar away. The
choice1 of cosh(ct¾ )

ä
or sinh(ct¾ )

ä
is madeto give the basisfunc-

tion
�

thepropersymmetryunderexchangeof particles.Hence
for
6

singlet statescosh(ct¾ )
ä

is usedwhen the index l
Î

is
:

even
and� sinh(ct¾ )

ä
is usedwith oddvaluesof l

Î
. For triplet statesthe

situation� is reversed.The Frankowski-Pekerismethod de-
scribed� above has been used by Baker, Freund,Hill, and
Morgan é 20ê to

�
calculatevery accuratewave functions for

the
�

low-lying S
�
-statesof helium usingonly severalhundred

basis
2

functions.The basisset was very successfulin appli-
cation1 to high-energy double photoionization ë 21

<Oì
whereV a

proper[ descriptionof electroncorrelationnearthe nucleusis
essential.� It can,however, be difficult to usein somecases
because
2

of possiblecomputationallinear dependenceprob-
lems
�

asthe sizeof the basisset increases.
Anothersuccessfulmethod í 22–25î is to usea Laguerre

basis
2

in perimetriccoordinates.This basisset is analytically
equivalent� to Hylleraas-typebasissets.Therefore,it buildsin
the
�

two-particle cusps but fails to effectively model the
three-particle
�

cuspcharacterizedby the logarithmictermsof
the
�

Fock expansion.The method,however, is very efficient
since� the matrix elementintegralscanbe evaluatedanalyti-
cally1 . Also, since Laguerre polynomials are numerically
stable� andsincetherelevantmatricesaresparse,manyfunc-
tions
�

canbe includedin the basisset.In fact, Bürgersetï al.

ð
25ñ have usedbetter than ten thousandsuch functions in

order� to obtaina benchmarknonrelativisticground-stateen-
er� gy.

Lar
ò

genumbersof basisfunctionsarenow routinelybeing
used� togetherwith advancesin computingpowerto produce
remarkablenew benchmarksfor the ground-stateenergy of
helium
ó ô

26
<

–30õ . Schwartzhaslikenedthis effort to thecom-
petition[ betweenmathematiciansto computeevermoredig-
its
:

of the number öø÷ 30
~Où

. Someof the recentcalculations,
most� notably those of Korobov ú 27

<Oû
,� have achievedtheir

success� usingsimpleexpansionsthatseemto ignoretheana-
lytic structureof the wavefunction.Like the Laguerrebasis
in
:

perimetric coordinatesü 25
<�ý

,� the latest benchmarksþ 26
<

–
30
~Oÿ

require5 several thousandsof basis functions. In the
present[ work, we desireto utilize the insightsprovidedby
our� current understandingof the analytic propertiesof the
waveV function, andfind a basiswhich will cut down on the
number7 of functionsneededto getgoodconvergence.In do-
ing so,we removethe flexibility providedby othermethods
and� confirm the importanceof the logarithmicsingularity.

The
ã

presentapproachusesthe Laguerrebasisin perimet-
ric5 coordinatesas a primary basis in order to build in the
correct1 two-particle cusps.A small number of functions
whichV exactly incorporatethe first few terms of the Fock
expansion� arethenaddedto theprimaryLaguerrebasis.The
computational1 linear dependenceproblemthat plaguessome
methodsis not anissueheresincetheLaguerrefunctionsare
close1 to orthogonaland the number of Fock functions is
small.� Furthermore,we expectthat the numberof Laguerre
functions
6

will be considerablyreducedasa consequenceof
dealing
0

with the three-particlecuspdirectly. In the following
sections,� we will show how these‘‘Fock functions’’ can be
derived
0

andalsohow thematrix elementintegralscontaining
the
�

Fockfunctionscanbeevaluatedto 30 digits via Gaussian
quadrature� in threedimensions.We usethe new basisset to
variationallyZ solve the Schrödinger

0
equationfor the Hamil-

tonian
� �

1� . Theoptimizednonlinearparametersaregiven for
the
�

newbasissets,andthevariationalenergiesarecompared
withV well-known valuesobtainedusing the standardbasis
sets� describedabove.

II. COORDINATES AND NOTATION

The Hamiltonian � 1� contains1 six independentcoordi-
nates.7 The most commonset of six coordinatesconsistsof
the
�

electronicsphericalpolar coordinatesr1 ,��� 1 ,��� 1,� and
rB 2 ,�
	 2 ,�
� 2. Thekinetic-energy operatorin thesecoordinates
is given by

� 1

2
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1
2
#����

2
2
#������ 1

2

�
n¨�� 1

2 � 2

�
rn¨2#��

2
<
rn¨

 
 

rn¨�!
"

n¨
rn¨2# ,� # 5$&%

whereV
'
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1
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n¨
4 2
#

576
n¨2# . 8 69&:

In order to take accountof the effects of electron-electron
correlation,1 it is convenientto use coordinatesystemsthat
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explicitly� containthe interelectronicdistancerB 12. The most
common1 setis r1 ,� r2 ,� r12,�?> ,�A@ ,� and B ,� where C ,�ED ,� and F
are� thethreeEulerangleswhich specifytherotationfrom the
space-fixed� axes to the body-fixed axes.For S

�
states,� the

Euler
G

anglesareignorableandthe kinetic-energy operatoris
given� by
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The
ã

coordinatesrB 1 ,� rB 2
# ,� andrB 12 are� easilytransformedto the

perimetric[ coordinates| 22
<~}
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withV eachcoordinatehavingdomain � 0,

Q����
as� a consequence

of� the triangle condition for rB 1 ,� rB 2 ,� and rB 12. The kinetic
ener� gy in perimetriccoordinatesis
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The
ã

conventionalhypersphericalcoordinatesrB ,�ÓÒ ,� and Ô are�
obtained� from r1 ,� r2,� andr12 viaZ the definitions
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The
ã

kinetic-energy operatorin hypersphericalcoordinatesis
given� by
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Another
�

set of hypersphericalanglesthat turned out to be
veryZ useful in the presentcontext was first introducedby
Pluvinage� 31

~��
. Theseanglesaredefinedby
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Theangularkinetic-energy operatorin Pluvinagecoordinates
is
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�

with Eqs. § 8]�¨ and� © 26ª ,� givesthe volumeelement
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III. FOCK EXPANSION

In order to constructbasisfunctionsthat incorporatethe
Fock
¿

expansion,it is necessaryto know the angularcoeffi-
cients1 À

k
j

,l
o in Eq. Á 3~�Â . The standardmethod for obtaining

these
�

coefficients is to put the Fock expansioninto the
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Schro
Å
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0

equationto get the recursionrelation
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Theinhomogeneousproblem � 29� wasV solvednumericallyby
Feagin,
¿

Macek, and Starace 	 32
~�


. It has also been solved
independently
:

by Hill � 33
~��

using
 hyperanglesexpressedin
Pluvinage coordinates � 23� and� � 24� . The operator � in
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interval
� �

0,
���

/2
¹��

with� thevolumeelement 28
!�"

. Theeigenval-
ues
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mV and� CnamV are� theLegendreandGegenbauerpolyno-
mials,r respectively. Theoperatoron the left-handsideof Eq.s
29t is singular if k

Êvu
2n% . Therefore,the right-handside of

Eq. w 29x must be orthogonalto all of the eigenvectorsbe-
longing
y

to this n% if
�

solutionsareto exist.If solutionsdo exist,
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z

will containlinear combinationsof homogeneoussolu-
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z

for eachvalue of { . Apart from the |(} 0
�

case,the
constantsK in theselinearcombinationscanbeuniquelydeter-
mined if the right-handsideof Eq. ~ 29� is madeorthogonal
to
z

theeigenvectorsfor �.� 1. Thefirst few termsof theFock
expansion� havebeenworkedout analytically � 8,12,33
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secondg order. The function F
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� is the dilogarithm function K 35

*,L
. The first-order

polesM in Eq. N 35
*,O

indicatethat the functionF2d
È (P
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R
hasloga-

rithmic� branch-pointsingularitiesat SUT n%1V /2
W

for n%YX 0
�

and
n%YZ 1. Although thesesingularitiesare outsidethe physical
range� 0 []\:[<^ /2,

_
they will neverthelesshavean important

impact on the convergencerate of the basisset expansion
used
 to obtainthe higher-ordertermsof the Fock expansion
and� ultimatelyon theeffectivenessof thenumericalmethods
used
 to computethe matrix elementintegrals.To obtain the
higher-order terms of the Fock expansion,the inhomoge-
neousproblem ` 29a was� solvednumerically b 33

*,c
using
 the

Schwinger
d

-Levine variationalprinciple
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Rapidconvergenceof the trial function Î 38

*~Ï
is necessaryin

orderÐ to devise an efficient quadratureschemefor matrix
elementÑ evaluation Ò seeg Sec.V Ó . The convergencerate for
Chebyshev
Ô

expansionsmay be analyzedÕ 36,37
* Ö

by
×

consid-
eringÑ the expansionof an arbitraryanalytic function
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This estimate

is confirmedby the observedconvergencebehaviorand is
useful
 whenanalyzingmatrix elementevaluationin Sec.V.

IV. BASIS SET

Fromtheconsiderationsof theprecedingsection,we have
at� our disposalall the termsof the Fock expansionthrough
any� desiredorder. We note,however, that we cannotsimply

add� the termsof theFockexpansiondirectly to our basisset
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1. The integrationcontourC andthe ellipseof analyticity
for evaluatingthecoefficientsof a ChebyshevexpansionN 37

OQP
of the
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In this procedure,the energy E may be input asan approxi-
mation or treatedas a nonlinearvariationalparameter. The
onlyP remaining nonlinear variational parametersare con-
tained
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e now addtheFock functionsin hypersphericalcoordi-
natesto the primary basisset consistingof productsof La-
guerre� polynomialsin perimetriccoordinatesin orderto ob-
tain
Q

the compactrepresentationof the full wave function.
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are indistinguishable.Further simplifications,such as
assuming� a hydrogenicexponentialfalloff for eachelectron,
are� helpful whenfine tuning the optimizations.

V. MATRIX ELEMENT EVALUATION

The
Ñ

matrix elementscontainingonly Laguerrefunctions
in
ÿ

perimetric coordinateshave been reported previously×
23,24Ø . The matrix elementscontainingthe Fock functions

canz beevaluatedusingGaussianquadratureÙ 38
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in the three
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Þ 1

1

f
Ûrß

z�cà dz
ûÎáãâ

k
��ä

1

N
å

wæ k
� fÛrç z� k
�mècé E

§
N
êìë fÛÜí ,J î 73


)ï

where� the nodesz� k
� are� the N

ð
zerosñ of the Legendrepolyno-

mial PN
ê and� the weightswò k

� are� given by
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with� theerrorE
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was� shownin Sec.III that the termsof the Chebyshevex-
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By construction,theFockbasisfunctionsaretruncatedat
orderP K

	
. In the presentwork, K
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7
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was the highestvalue
considered.z Sincethe highestpowerof the logarithmof the
hyperspherical
É

radius is equal to K
	

/2
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for even K
	

,J and (K
	Ê 1)/2 for oddK,J theFockfunctionswill containup to three

powersF of thelogarithm,andthecorrespondingintegralswill
containz up to six powersof thelogarithm.Becausethemodi-
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In order to use the quadraturerules outlined above,the
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k
Û	:

4
êK

f
Û

k
Û

,2;�< ,J	=�> rk
Û
ln2r,J ? 86

¥A@

UK
ñ(3)
_�B

r,J�C ,J	D�E�F9G
k
Û	H

6
h

K

f
Û

k
Û

,3I�J ,J	K�L rk
Û
ln3
^
r. M 87

¥AN
The
O

angular f
Û

coefficientsÙ in Eqs. P 84
¥AQ

– R 87
¥AS

areÖ arbitrary
functionsthat are to be determinedby the Fock basisfunc-
tion
Ò

of interest.The function UK is
Ý

separatedin the above
mannerin orderto allow theGramandpotential-energy ma-
trix
Ò

elementsto be correctly separatedat the outset.The
kinetic-ener
T

gy operatorwill mix up the logarithmic depen-
dence,
U

soa secondseparationprocedurewill beneededafter
the
Ò

necessaryderivativeshavebeencompleted.UsingPluvi-
nagehypersphericalangles,we breakthe probleminto four
pieces:Ø UK ,J VUK ,J RU

V
K ,J and LU

W
K ,J where V is

Ý
the

potential-enerØ gy operator, R is the radial kinetic-energy op-
eratorà , andL is the angularkinetic-energy operator. The de-
rivativesá were performedby MAPLE

X andÖ the separationwas
enactedà by collecting the coefficientsof the logarithms.We
mayÞ now treatVUK

ñ ,J RU
V

K
ñ ,J andLU

W
K
ñ simplyß asfunctionsof

r,JZY ,J and [ that
Ò

havea form similar to Eq. \ 83
¥A]

. After the
dif
U

ferentiationswere completedthe exponentialfactor was
removedá since it will be put in by the Gauss-Laguerre
quadrature^ rule. The angularf

Û
coefficientsÙ and their deriva-

tives
Ò

weregiven scalarvariablenamesandsavedfor usein
the
Ò

next step.With the Hamiltonianoperationsalreadyper-
formed,
_

the next step is to perform the differentiationsre-
quired^ for the modifiedquadraturè77

~�a
. If we let

z�cb rh�ed+f ,J	g�h ,J i 88
¥Aj

then
Ò

we can perform the necessarydifferentiationswith re-
spectß to z� . In analogywith the modified weight procedure,
weÏ defineeachderivativewith respectto z� to

Ò
bea newfunc-

tion.
Ò

After the differentiationshave been completed,the
nodesaresubstitutedinto the new functionsto producenu-
mericalÞ arrays.The final step is to assemblethe full inte-
grands.k The requiredintegrandsareof the type

I
l

1 m z� ,J�n ,J	o�p�q wòsr z� ,J�t ,J	u�v U l
w
,mx ,ny{z z� ,J�| ,J	}�~ UK

ñ�� z� ,J�� ,J	��� ,J�� 89
�A�

I2
�{� z� ,J�� ,J	����� wòs� z� ,J�� ,J	��� U l

w
,mx ,ny{� z� ,J�� ,J	��� HUK

ñ�� z� ,J�� ,J	��� ,J�� 90
�A�

I3
^�� z� ,J�� ,J	�� �¡ wò£¢ z� ,J�¤ ,J	¥�¦ UK § z� ,J�¨ ,Jª©�« UK ¬ z� ,J�­ ,J	®�¯ ,J ° 91

�A±
I4 ² z� ,J�³ ,J	´�µ�¶ wò£· z� ,J�¸ ,J	¹�º UK » z� ,J�¼ ,J	½�¾ HUK ¿ z� ,J�À ,J	Á�Â . Ã 92

�AÄ
In
Å

Eqs. Æ 89
�AÇ

andÖ È 90
�AÉ

it
Ý

is assumedthat the perimetriccoor-
dinates
U

areexpressedin termsof the hypersphericalcoordi-
nates.The UK

ñ andÖ HUK
ñ piecesØ in Eqs. Ê 89

��Ë
– Ì 92
��Í

areÎ avail-
ableÎ throughorderK Ï 7

Ð
usingthemethodsdescribedabove.

In order to complete the requirementsof the modified
quadratureÑ Ò 77

Ð�Ó
it
Ô

is necessaryto also have available the
derivatives
Õ

of the physical weight function wò andÎ the La-
guerreÖ function U l

w
,mx ,ny . For the integrandsI1 andÎ I2

� ,J these
functions
×

needto bedifferentiatedwith respectto z� aÎ total of
three
Ø

timesdueto the threepowersof the logarithm.For the
integrands
Ô

I
l

3
^ andÎ I

l
4
ê ,J thephysicalweightfunctionwò needsÙ to

be
Ú

differentiatedwith respectto z� aÎ total of six timesdueto
the
Ø

six powers of the logarithm. We again use MAPLE to
Ø

separateÛ the logarithmic termsand perform the differentia-
tions
Ø

with respectto z� . We also usedMAPLE
X to

Ø
write out a

FORTRAN codeÜ Ý 34
Þ�ß

.

VI. RESULTS

Thesingletandtriplet eigenvaluesmaybecomputedwith
aÎ singleLaguerrebasisset representationof the form given
in
Ô

Eq. à 71
ÐAá

. In this case,the numberof functionsis

nâ L
ãåä 1

2

æ
l
w�ç

0
l

l
w
sumèêé

l
ë

sumìîí l
ë
ï

1 ð	ñ lë sumìóò l
ëõô

2 ö
÷ 1

6
ø l
ë

sumì3^îù
l
ë

sumì2 ú 11

6
ø ł
û

sumìóü 1, ý 93
�Aþ

whereÿ l
ë

sumì equals� the maximumsumof the threeLaguerre
indices.In the presentwork, we aremainly concernedwith
the
Ø

singletgroundstate.Therefore,it is convenientto parti-
tion
Ø

the different symmetries.In this case,the numberof
Laguerre
�

basisfunctionsis

nâ L
ã�� 1

12
l
ë

sumì3^�� 5
5
8
� l
ë

sumì2��� 17

12
l
ë

sumì�� 7
Ð
8
� ,J 	 94

��


whereÿ the squarebracketsdenotethe nearestinteger. The
Fock functionswereassembledandsystematicallyaddedto
the
Ø

Laguerrebasisin order to seethe effect on the conver-
genceÖ rate. The total numberof basisfunctions is nâ L � nâ F
whereÿ nâ F


 equals� the numberof Fock functions.TablesI and
II
Å

showthe error in the ground-stateenergy asa function of
the
Ø

optimized nonlinearvariational parameters.Table I in-
cludesÜ entriesfor K

���
0,2,4,6
�

correspondingto nâ F

�� 0,3,7,13
�

withÿ l
ë

sumì in therange10–15. In TableII, theFock functions
withÿ thesamehomogeneoussolutionwereaddedtogetherin
order� to speedup the calculation � seeÛ Eqs. � 62

ø��
– � 67
ø����

. This
causedÜ a significantdecreasein the accuracyof the energy,
presumably� dueto thedecreasedflexibility of theFockfunc-
tions.
Ø

It is worth noting that the optimizationswere per-
formed
×

by trial anderror andarenot perfect.The tablesare
includedto providea startingpoint for future refinementsin
the
Ø

optimization.
Figure
�

2 showsthesignificantimprovementin the rateof
converÜ gencethat canbe obtainedby addingFock functions
to
Ø

the basisset.The K � 0
�

curvecorrespondsto an unmodi-
fied
�

Laguerrebasis set. It is easy to see that many more
Laguerre
�

functionsarerequiredfor this basissetto matchthe
accuracyÎ obtainedin theothercurves,which areobtainedby
using� Fock functionsthroughK

�
th
Ø

order. Eventually, the im-
provement� patternwe seeby going to higher ordersin the
Fock
�

expansionbeginsto diminish. In fact, the K
�� 

7
Ð

curve
whichÿ is not shown, shows an insignificant improvement
over� the K

�"!
6
ø

curve.The reasonthat the improvementdi-
minishes# is that the cuspat the three-particlecoalescenceis
handledwell enoughthat otherphysicaleffects,suchas ra-
dial
Õ

‘‘in-out’’ correlation,becomemore important.Figure 3
showsÛ the optimizedvalueof the nonlinearparametera$ 12 asÎ

ROBERT C. FORREY PHYSICAL REVIEW A 69,ó 022504 % 2004&

022504-8



aÎ function of l
ë

sumì for
×

different valuesof K
�

. Becausethis
parameter� is approximatelyequalto twice thevalueof a$ 1, iJ t
determines
Õ

the lengthscaleof the Laguerrebasisfunctions.
When
'

Fock functionsareincludedin the basisset,the value
of� a$ 12 decreases

Õ
andtheLaguerrefunctionsarebetterableto

represent( electronicbehaviorthat is further away from the
nucleus.

The most accurateresult obtained in this work was) 2.903
*

7243770341166 a.u.for theground-stateenergy of
helium.
+

This energy was computedusing l
ë

sumì�, 15 and K
�

- 6
ø

, correspondingto a total of 457 basis functions (nâ L. 444
í

and nâ F / 13). This compares well to0 2.9037243770341184 a.u. calculated by Baker et1 al.2
20
*�3

using� a Frankowski-Pekerisbasis set containing 476
functions. The best standardis 4 2.9037243770341195
a.u.Î calculatedby severalgroups 5 16,25–306 using� substan-
tially
Ø

larger basissets.

VII.
7

CONCLUSIONS

Theresultsof this work demonstratethat theconvergence
rate( of a nearlyorthogonalbasisset,suchasthe triple prod-
uct� of Laguerrepolynomialsin perimetriccoordinates,may
be
Ú

substantiallyimprovedthroughtheadditionof a few spe-
ciallyÜ designedbasisfunctions.Theseso-calledFock func-
tions
Ø

provide the exact analytic structureof the true wave
function
×

when two electronscoalescenearthe nucleus.Be-
causeÜ the termsthat are logarithmic in the hyperradiushave
been
Ú

explicitly treatedby the methodsdescribedin this pa-
per� , the remaining portion of configurationspacemay be
easily� represented.

Several
8

usefulnumericalmethodshavebeendevelopedor

TABLE I. Optimized nonlinearparametersfor basissets that
include 9 m: ,; n<(

=
K)
>

.

lsum? K nF a@ 1 a@ 12 b1 b12 Error

10 0 0 1.30 2.35 1.02A 10B 8
C

10 2 3 1.20 2.40 1.00 0.00 8.14D 10E 10

10 4 7 1.17 2.34 1.00 0.00 3.44F 10G 11

10 6 13 1.10 2.20 1.01 0.00 8.52H 10I 12

11 0 0 1.35 2.55 5.29J 10K 9
L

11 2 3 1.20 2.40 1.00 0.00 4.46M 10N 10

11 4 7 1.20 2.40 1.00 0.00 7.82O 10P 12

11 6 13 1.10 2.20 1.00 0.00 1.82Q 10R 12

12 0 0 1.35 2.60 2.32S 10T 9
L

12 2 3 1.25 2.50 1.00 0.00 1.74U 10V 10

12 4 7 1.25 2.50 1.00 0.00 2.72W 10X 12

12 6 13 1.10 2.20 1.00 0.00 4.75Y 10Z 13

13 0 0 1.40 2.80 1.18[ 10\ 9
L

13 2 3 1.30 2.60 1.00 0.00 6.31] 10̂ 11

13 4 7 1.30 2.60 1.00 0.00 8.99_ 10̀ 13

13 6 13 1.19 2.39 1.07 0.04 9.13a 10b 14

14 0 0 1.45 2.90 5.01c 10d 10

14 2 3 1.30 2.60 1.00 0.00 3.64e 10f 11

14 4 7 1.30 2.60 1.00 0.00 2.69g 10h 13

14 6 13 1.20 2.40 1.00 0.01 9.50i 10j 15

15 0 0 1.50 3.00 2.75k 10l 10

15 4 7 1.30 2.60 1.00 0.00 8.88m 10n 14

15 6 13 1.25 2.50 1.00 0.02 2.80o 10p 15

TABLE II. Optimizednonlinearparametersfor basissetsthat

include q̃ m:(= Kr )
>tsvu

n< En<xw
m: ,; n<(
=
K
r

)
>

.y
lsum? K nF

z a@ 1 a@ 12 b1 b12 Error

7 6 6 1.05 2.10 1.00 0.00 1.01{ 10| 7
}

8 6 6 1.05 2.10 1.00 0.00 8.72~ 10� 9
L

9 6 6 1.04 2.08 1.00 0.00 5.61� 10� 10

10 6 6 1.13 2.13 1.00 0.00 1.11� 10� 10

FIG. 2. Error in the ground-stateenergy asa function of lsum? .y
The k

���
0
�

curve correspondsto an unmodifiedLaguerrebasisset.
The k

���
0
�

curvesinclude basisfunctions that reproducethe Fock
expansionthroughk

�
th
�

orderwhenthe hyperradiustendsto zero.

FIG. 3. Optimized value of the nonlinearparametera12 as a
functionof l

�
sum? . As moreFockfunctionsareaddedto thebasisset,

the valueof a12 decreasesand the Laguerrefunctionsareconcen-
tratedfurther awayfrom the nucleus.
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employed� in this work. The modified Gauss-Laguerre
quadratureÑ allows an efficient andaccuratenumericalevalu-
ationÎ of integralscontaininglogarithmsof the hyperradius.
The
�

useof Pluvinagehyperanglesprovidesa convenientco-
ordinate� systemfor thenumericalevaluationof integralsand
anÎ efficient method � 33

���
for determiningthe angularcoeffi-

cientsÜ of the Fock expansion.
The
�

convergencerate of the basisset describedhere is
similarÛ to the Frankowski-Pekerisbasisset usedby Baker
et1 al. � 20� . The principle advantageof the presentrepresen-
tation
Ø

is that it doesnot strugglewith numericallinear de-
pendence� problemsdue to the small numberof Fock func-
tions
Ø

and the fact that the Laguerre basis is close to
orthogonal.� The major disadvantageof the presentapproach
is
Ô

theneedto computematrix elementintegralsnumerically.
Although
�

thequadratureschemesdescribedhereareefficient
andÎ accurate,they are still quite slow comparedto other
basis
Ú

set approachesthat allow integralsof one or more of
the
Ø

coordinatesto be evaluatedanalytically.
Finally, thepresentwork allowstheanalyticbehaviornear

the
Ø

three-particlecoalescencepoint to be treatedwithout the
needÙ for invoking ‘‘flexibility’ ’ arguments.As Schwartzhas
recently( pointedout � 30

���
,J flexibility is a vagueconceptthat

lacksmathematicalfoundation.While flexible basissetshave
certainlyÜ producedimpressivebenchmarks,they have cre-
atedÎ a situationwhere theoreticalunderstandingof conver-
genceÖ rates‘‘lags well behindthe power of availablecom-
puting� machinery’’ � 30

���
. It is hoped that the explicit

treatment
Ø

of singularities,suchaspresentedherein regardto
the
Ø

Fock expansion,may provide a useful step toward the
development
Õ

of a rigorous theory of convergenceratesfor
two-electron
Ø

systems.
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17ì H. Kleindienst,A. Lüchow, andH.-P. Merckens,Chem.Phys.

Lett. 218,ó 441 í 1994î .yï
18ð K.
ñ

FrankowskiandC.L. Pekeris,Phys.Rev. 146
À

, 46 ò 1966ó .yô
19õ K.
ñ

Frankowski,Phys.Rev. 160
À

, 1 ö 1967÷ .yø
20ù J.D.
È

Baker, D.E. Freund,R.N. Hill, andJ.D.MorganIII, Phys.
Rev. A 41,ó 1247 ú 1990û .yü

21ý R.C.
þ

Forrey, H.R. Sadeghpour, J.D. Baker, J.D. Morgan III,
andÿ A. Dalgarno,Phys.Rev. A 51, 2ó 112 � 1995� .y

�
22� H.M. JamesandA.S. Coolidge,Phys.Rev. 51

Þ
, 857 � 1937� .y�

23� C.L. Pekeris,Phys.Rev. 112, 1649 � 1958	 .

24� H. Cox, S.J.Smith, andB.T. Sutcliffe, Phys.Rev. A 49,ó 4520�

1994
 .�
25� A. Bür� gers,D. Wintgen,andJ.-M. Rost,J. Phys.B 28

�
, 3163�

1995� .�
26� S.P. Goldman,Phys.Rev. A 57, R677 � 1998� .�
27� V.I. Korobov, Phys. Rev. A 66

Ñ
,� 024501 � 2002

� �
; 61,� 064503�

2000� . 
28! G.W.F. Drake,M.M. Cassar, andR.A. Nistor, Phys.Rev. A 65

Ñ
,�

054501 " 2002# .$%
29
�'&

J.S.SimsandS.A. Hagstrom,Int. J. QuantumChem.90
(

, 1600)
2002* .+

30
,'-

C. Schwartz,e-print physics/0208004..
31
,'/

P. Pluvinage,J. Phys. 0 Paris1 43, 439 2 19823 .4
32
,'5

J.M. Feagin,J.Macek,andA.F. Starace,Phys.Rev. A 32,� 32196
19857 .8

33
,'9

R.N. Hill : unpublished; .$<
34
,'=

R.C. Forrey, Ph.D. thesis,University of Delaware,1994 > un-?
published@ .A

35
,'B

L. Lewin, Polylogarithms and Associated Functions C North-
D

Holland,New York, 1981E .F
36
,'G

G. Szego¨,� Orthogonal Polynomials,� 4th ed. H American
I

Math-
ematicalSociety, Providence,RI, 1975J .$K

37
,'L

R.N. Hill, Phys.Rev. A 51
Þ

, 4433 M 1995N .$O
38
,'P

P.J. Davis and P. Rabinowitz,Methods
Q

of Numerical Integra-
tion R Academic,

I
New York, 1984S .

ROBERT C. FORREY PHYSICAL REVIEW A 69, 022504 T 2004
� U

022504-10


