PHYSICAL REVIEW A 69, 022504 (2004

Compact representation of helium wave functions in perimetric and hyperspherical coordinates
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Variationalcalculationsof the ground-stateenegy of helium are performedusinga basissetrepresentation
that includesan explicit treatmentof the Fock expansionin hypersphericatoordinatesThe constructionof
basisfunctionsthat havethe correctcuspbehaviorat three-particlecoalescenc@oints and the evaluationof
integralscontainingthesefunctionsis discussedThe basissetin hypersphericatoordinatess addedto a basis
setconsistingof productsof Laguerrepolynomialsin perimetriccoordinateslt is demonstratethatthe useof
Fock basisfunctionsprovidesa substantiaimprovementn the convegencerate of the basissetexpansion.
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I. INTRODUCTION

A two-electron atomic systemis an excellent testing
ground for new quantumtheoriessince it is the simplest
systemwith enoughcomplexityto containthe main features
of a many-bodytheory This complexity arisesfrom the
electron-electrorCoulombenegy which dependson the in-
terelectronicdistancer ;,=|r,—r,|. Furthermorethe scaled
Hamiltonianfor infinite nuclearmassandchage Z, givenin
atomic units by

H= 1V2+V2 ! 1+1 1
—5(1 z)aam, (1

doesnotdependon any experimentatonstantsvhosevalues

change with improvementsin measurementtechniques.

Therefore,it providesa standardfor theoreticalcalibration.
After the wave function belongingto this Hamiltonian has
beenobtained,it is possibleto computeperturbativecorrec-
tionsto the nonrelativisticenepy. It hasbeenestablished1]

that relativistic and QED correctionsto the enegy levels of

an atomic or molecularsystemrequire highly accuratenon-
relativistic wave functions. Rayleigh-Ritzvariational calcu-
lations provide a wave function with relative error approxi-
mately proportionalto the squareroot of the relativeerrorin

the enegy. Therefore, if nonrelativistic variational wave
functionsareto be usedfor perturbativeapplications.andif

the enegies are usedto estimatethe quality of the wave
functions,thenit is necessaryo calculatethe nonrelativistic
enegies to far greateraccuracythan would otherwise be
needed.

The succesf variationalcalculationsdependsuponthe
rate of convegenceof the basissetexpansionusedto con-
structthe trial wave function. The convegencerateis con-
trolled by the analytic structureof the exactwave function
[2—7]. For problemsin atomic or molecular physics, the
main consideratiorwhenconstructingrial wavefunctionsis
the cuspbehaviorat two particlecoalescencedhis behavior
is describedby the Kato condition[2]
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PACS numbefts): 31.15.Pf,31.10+4+z

wherey;; is the reducedmassof particlesi andj, g; andg;

are the chages of the two particles,and the caretover the
wave function denotesa sphericalaverageA lesserbut still

very importantconsiderationis the cusp behaviorat three-
particle coalescencedhis behavioris believedto be prop-
erly describedby the Fock expansior 8—13]

*  [k/2]

\P(r,a,ﬁ)zkgo ’20 drr(a, O)r(inn)', (3)

whereuseof the hypersphericatoordinates ,«, and # [de-
fined in Egs. (18)—(20) below] revealsthe presenceof a
logarithmicsingularityasthe hyperradiugendsto zero.This
regionis only a tiny partof the full configurationspaceand
is often neglectedvhenconstructingrial wavefunctions.In
suchcasesthe convegencerate can be very slow, particu-
larly if the basisfunctionsthat mustapproximatethe neigh-
borhoodof the singularityareinflexible. A primary objective
of this work is to handlethe logarithmic singularity directly
sothattheremaindeiof the basissetis freeto concentrat®n
regionsof configurationspacethatarefurtherawayfrom the
nucleus.If successfulthis strategyshould provide an im-
proved convegence rate for the basis set expansion,or
equivalently a more compactrepresentatiorof the helium
wave function.

Many differentbasissetshavebeenappliedto the helium
Hamiltonian(1) with varyingdegreef successlt is notthe
intent of this work to provide a completeaccountof the
many contributionsthat have beenreportedin the literature
for this problem.However we would like to benchmarkhe
presentmethod,so it is usefulto provide a brief review of
someof the currentstandardsOnevery successfuimethodis
to use a Hylleraas-typebasis set [14] which effectively
handleghe electroncorrelationthroughuseof r , asa coor
dinate.A relatedmethodintroducedby Drake [15,16] uses
“doubled’ basis setsin which two different exponential
scalefactorsare usedfor eachcombinationof ririr¥,. This
method,originally designedfor statesof high angularmo-
mentum[15], has beensuccessfullyappliedto S$-statesby
Drake[16] andalso by Kleindienst,Luchow and Merckens
[17]. Thesebasissetsbuild in the two-particlecuspsdueto
the lineartermsin rq, r,, andry,, but generallyhavediffi-
culty handling the three-particlecusp characterizedby the
logarithmictermsof the Fock expansionNeverthelesshese
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basissetstend to be very flexible, particularly the doubled
basissets,so that the three-particlecuspmay be adequately
approximatedf enoughfunctionsareused.Anothermethod,
introducedby FrankowskiandPekerig 18,19, usesthe basis
functions

coshet)

) — onylym J — X
Gntmj(8,1,4)=s"u"(Ins)exp( —s/2) sinh(et)

4

in the Hylleraascoordinates

$=r1+ry, 1=rp—rq, U=y,
subjectto the constraints
I,m=0,
and
(n+1+m)=2j=0 if n=0,
(n+1+m)=2j+2=0 if n<O.

This basisset providesthe correctcuspstructureat all two-

particle coalescencedue to linear termsin r,r,, andrq,

andthe correctsingularity structureat the three-particlecoa-
lescencesincethe logarithmic termsof the Fock expansion
are expandablein powers of s,In(s), and (t/s). For the

ground state, the nonlinearvariational parametere is zero,

andit is requiredthat! be evenin orderto ensurethat the

basisset hasthe proper symmetryunder exchangeof par

ticlesr,«<F,, Or equivalentlyt« —t. For excitedstatesg is

usedto build in the correlationthatoccurswhenoneelectron
is closeto the nucleuswith the otherelectronfar away The

choiceof coshgt) or sinhet) is madeto give the basisfunc-

tion the propersymmetryunderexchangef particles.Hence
for singlet statescosh¢t) is usedwhenthe index ! is even
andsinh(et) is usedwith oddvaluesof I. Fortriplet stateshe

situation is reversed.The Frankowski-Pekerismethod de-

scribed above has beenused by Baker Freund, Hill, and

Morgan [20] to calculatevery accuratewave functions for

the low-lying $-statesof helium using only severalhundred
basisfunctions. The basissetwas very successfuin appli-

cation to high-enegy double photoionization[21] where a

properdescriptionof electroncorrelationnearthe nucleusis

essentiallt can, however be difficult to usein somecases
becauseof possiblecomputationalinear dependencerob-

lemsasthe size of the basissetincreases.

Another successfumethod[22-25] is to usea Laguerre
basisin perimetriccoordinatesThis basissetis analytically
equivalento Hylleraas-typéebasissets.Thereforejt buildsin
the two-particle cusps but fails to effectively model the
three-particlecuspcharacterizedby the logarithmictermsof
the Fock expansionThe method,however is very efficient
sincethe matrix elementintegralscan be evaluatedanalyti-
cally. Also, since Laguerre polynomials are numerically
stableandsincetherelevantmatricesare sparsemanyfunc-
tions canbe includedin the basisset. In fact, Burgerset al.
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[25] have usedbetter than ten thousandsuch functionsin
orderto obtaina benchmarknonrelativisticground-stateen-
eny.

Large numbersof basisfunctionsarenow routinely being
usedtogetherwith advancesn computingpowerto produce
remarkablenew benchmarkdor the ground-stateenegy of
helium[26-30]. Schwartzhaslikenedthis effort to the com-
petition betweenmathematicianso computeever more dig-
its of the number7 [30]. Someof the recentcalculations,
most notably those of Korobov [27], have achievedtheir
successisingsimpleexpansionshatseemto ignorethe ana-
Iytic structureof the wavefunction. Like the Laguerrebasis
in perimetric coordinateq 25], the latestbenchmarkqd26—
30] require several thousandsof basis functions. In the
presentwork, we desireto utilize the insights provided by
our currentunderstandingf the analytic propertiesof the
wave function, andfind a basiswhich will cut down on the
numberof functionsneededo getgoodconvegence.n do-
ing so, we removethe flexibility providedby othermethods
and confirm the importanceof the logarithmic singularity

The presentapproachusesthe Laguerrebasisin perimet-
ric coordinatesas a primary basisin order to build in the
correct two-particle cusps.A small number of functions
which exactly incorporatethe first few terms of the Fock
expansiorarethenaddedto the primary Laguerrebasis.The
computationalinear dependenceroblemthat plaguessome
methodss not anissueheresincethe Laguerrefunctionsare
close to orthogonaland the number of Fock functionsis
small. Furthermorewe expectthat the numberof Laguerre
functionswill be considerablyreducedas a consequencef
dealingwith thethree-particlecuspdirectly. In the following
sections,we will show how these*'Fock functions’ canbe
derivedandalsohow the matrix elementintegralscontaining
the Fockfunctionscanbe evaluatedo 30 digits via Gaussian
quadraturdn threedimensionsWe usethe new basissetto
variationally solve the Schralinger equationfor the Hamil-
tonian(1). The optimizednonlinearparametersre given for
the new basissets,andthe variationalenegiesarecompared
with well-known values obtainedusing the standardbasis
setsdescribedabove.

II. COORDINATES AND NOTATION

The Hamiltonian (1) contains six independentcoordi-
nates.The most commonset of six coordinatesconsistsof
the electronic sphericalpolar coordinatesr;, 6,, ¢4, and
Fo, 02, ¢bo. Thekinetic-enegy operatorin thesecoordinates
is given by

1 1 # 29 A
—§<V§+v§>=—§2(—+ +—"), (5)

i \ar2 raor, g2
where
1 9 ( - d . 1 & ©
=———|sing,— —.
" siné, 96, "90a)  sint, dp?

In orderto take accountof the effects of electron-electron
correlation, it is convenientto use coordinatesystemsthat
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explicitly containthe interelectronicdistancer,. The most
commonsetisrq, r,, r1», @, B, andvy, wherea, 8, andvy
arethethreeEulerangleswhich specifytherotationfrom the
space-fixedaxesto the body-fixed axes. For $ states,the
Euleranglesareignorableandthe kinetic-enegy operatoris
given by

1, ., 1249 24
— (Vv =S| — oo

F1 0F,  Fy OFy

Fi29F12  gr2

gy, 7

IE1EP)

()

with the volume element
d’T:8772("'17'2"’12)dr1dr2dr12. (8)

The coordinates,, r,, andrq, areeasilytransformedo the
perimetriccoordinateg§22]

g1=—F1TFrtFy, 9)
Qr=F1—Fr+ ¥y, (10
Qo=r1tro—rqo, (11

with eachcoordinatehavingdomain[ 0,°] asa consequence

of the triangle condition for r4, F,, andr,. The kinetic
enepgy in perimetriccoordinateds

T () (@it Q)
2 1 2 1r2r1 1 2 (?q:l_z

12
N p Jd + Jd Jd Jd 0 Jd
Iy TGy Iy CoGy M1 gy
Jd 0 Jd Jd 0 Jd
Iy 012 M1 %Gy
" 0, ] 12
gy =% o1y’
where
P1=20Q:+ Q1,1 2¢:19-41>, (13
P2=20Q,+ Q1,1 24192415, (14
and
Q=0T+ G145 (15
Q=051+ 9:14; (16)
Q12— 4342+ 6145 (17)
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The conventionahypersphericatoordinates, a, and 6 are
obtainedfrom r{, r,, andr,, via the definitions

r=\ri+rz, (18
F
a=2tan ! —2), (19)
i
2 2 2
r24+r2—ry
a2t
6=cos o, ) (20

The kinetic-enegy operatorin hypersphericatoordinateds
given by

CZ ;2 = i L 21
2( 1 2) 2 |’2 roor r2 ] ( )
where
L= _2 +2 cot( @) — + CS(,Z o _2 tcot( ) —

(22

Another set of hypersphericabnglesthat turned out to be
very useful in the presentcontext was first introducedby
Pluvinage[31]. Theseanglesare definedby

_ |F1+F2|(_V1+72)+”12(71+P2)
E=tan Y| —=——= , (23
[ri+ra|(ritry) +riri—ry)
P AT ry)
p=tan ! —— . (29
[F1+ Pl (FitFp) +Fi( —F1+Fp)

Theangularkinetic-enegy operatotin Pluvinagecoordinates
is

9 d al . d
L=w(&, 1) P Sln(zf)a—g +0,,—77 5'”(277)% ,
(25

where

w(&,n)=[sin(2£)+sin(27)]. (26)
Using the Jacobian

(?(rl’r21r12)_ﬁ {f"‘_ﬂ)

anen iz ) @

togetherwith Egs.(8) and(26), givesthe volume element

dr=m2rSw(¢, n)drdéd . (28

I11. FOCK EXPANSION

In orderto constructbasisfunctionsthat incorporatethe
Fock expansionjt is necessaryo know the angularcoeffi-
cients ¢y, in Eq. (3). The standardmethod for obtaining
these coefficientsis to put the Fock expansioninto the
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Schralingerequationto get the recursionrelation

1
[_E_ 2 Kk+4) |, e)=(€+1)(k+2)| o)+ (€+1)

r r
_—t—

1
X(€+2) |y 420+ 2\, 1,

¥ 1
- Zr_l2) | ¢k—1,€>+§E| Yk-2.0)-
(29

Theinhomogeneouproblem(29) wassolvednumericallyby

Feagin, Macek, and Starace[32]. It has also beensolved
independentlyby Hill [33] using hyperanglesexpressedn

Pluvinage coordinates(23) and (24). The operator £ in

Pluvinagecoordinateg25) is self-adjointfor ¢ and 7 in the

interval[ 0,7/2] with the volumeelement(28). The eigenval-
ues of £ are given by —n(n+2) with n a non-negative
integer andthe eigenvectorare given by [33,34]

(2m+1)(n+1)(n—m)!
am(n+m+1)!

cog 7+ ¢§)
M cogn—¥§)

bnm(€,7)=2"m! [coq 7

Cr A sin(— &)1,
(30)

—§1"Pp

whereP,, andC}" arethe Legendreand Gegenbauepolyno-
mials, respectively The operatoron the left-handside of Eq.
(29) is singularif k=2n. Therefore,the right-handside of
Eq. (29) must be orthogonalto all of the eigenvectorshe-
longingto thisn if solutionsareto exist.If solutionsdo exist,
they will containlinear combinationsof homogeneousolu-
tions for eachvalue of €. Apart from the =0 case,the
constantsn theselinear combinationsanbe uniquelydeter
minedif the right-handside of Eqg. (29) is madeorthogonal
to the eigenvectordor € — 1. Thefirst few termsof the Fock
expansiorhave beenworked out analytically[8,12,33. The
resultin Pluvinagecoordinatess ¢y,=1 and

Pio= ;/;sm(nz g) ﬁcos(%g), 31
1 1 2 : :
1/;20—6 2_E+E —i(smg+smn)+sm(17+§)
m—&—7n| 1 1
X(W +ECOS7]_§) 1+§ +—sm(17
= &)[F24(§€) = Faa(m) ]+ cog n+§) C—ilnz
& n w
— 3z cos{2 4) O{E—Z ” (32)

1

2
¢21:§(;_1>005(ﬂ+ &), (33
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where C is the coefficientof the homogeneousolution at
secondorder The function F,4(¢) and its derivative are
definedby [33]

Fou(d)= {L|2[1+ex;x2:¢)] Li,[1+expim+2i¢)]}
i 2
+7rln[1+exp(i¢)]—?, (34)
dF2u($) —2¢+m{1—codd)] as
d¢p sin(2¢) ’

where Li, is the dilogarithm function [35]. The first-order
polesin Eq. (35) indicatethatthe function F,4(¢) hasloga-
rithmic branch-pointsingularitiesat ¢=nw/2 for n#0 and
n# 1. Although thesesingularitiesare outsidethe physical
range0=< ¢=< /2, they will nevertheleshaveanimportant
impact on the convegencerate of the basisset expansion
usedto obtainthe higherordertermsof the Fock expansion
andultimately on the effectivenesof the numericalmethods
usedto computethe matrix elementintegrals.To obtainthe
higherorder terms of the Fock expansion,the inhomoge-
neousproblem (29) was solved numerically[33] using the
SchwingetLevine variationalprinciple

\I, 2
- (¥ I)l a6
- (XIAlx)
The maximumis achievedwhen
~_C - 3

where ¢ is an arbitrary constant.In the presentcase, A
=—L—1k(k+4) and ¥ is equalto the right-handside of
Eq. (29). For eachcombinationof k and¢, atrial function of
the form

N N

X(&, 77)=m2:0 ,,20 Cmn Tm(X) Ta(y) (38)

wasused[33], whereT,, are Chebyshepolynomialsof the
first kind with x andy relatedto the Pluvinageanglesby

o
&= Z(x+ 1), (39

o
=2+ D). 40)

Rapid convegenceof the trial function (38) is necessaryn
order to devise an efficient quadratureschemefor matrix
elementevaluation(see Sec.V). The convegencerate for
Chebyshewexpansionsnay be analyzed 36,37] by consid-
ering the expansiorof an arbitrary analytic function
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the ellipse

FIG. 1. TheintegrationcontourC andthe ellipse of analyticity
for evaluatingthe coefficientsof a Chebysheexpansior37] of the
Fock expansionThe singularitiesthat limit the size of the ellipse
occurat =3 andyield coefficientsc, that decreasdike R™" with
R=3+22.

o

flx)= 20 enTn(X)(1—x2) "4 (41)

where

Cn=zfl FOOTR(x)(1—x%)~ Ydx (42)
)

for n>0. The coefficientse,, canbe evaluatedy usingcon-
tour integrationin the complexz plane.The resultis [34]

2
:

;Tfc)‘"(z)(1—22)”“(2—1)2‘"‘1

Cp=

1 2
n+1ln+ =;2n+1;,——|dz.
1-z

X, .

(43

The contouris shownin Fig. 1. Thelargen behaviorof ¢, is
dominatedby R™", whereR is the largestvalue suchthat
(1-22)Y*f(z) is analyticwithin the ellipse[36,37]

Rez)=3(R+R 1)cog0), (44)
Im(z)=3(R—R Y)sin(0), (45)

with 0<6<27. ForR>1, theseries(41) convegesto f(z)
for all z inside the ellipse (seeFig. 1) in analogywith the

circular region of convegenceof Taylor-seriesexpansions.

As shownabove the nearessingularitiesof the Fock expan-
sion appearto occurin the ¢, term at — /2 and 7. The
inversetransformation®f Egs.(39) and (40) mapthesesin-
gularitiesto = 3. Therefore the coefficientsc, decreasdike
R ™ with R=|z+\z”—1|=3+2/2~5.828. This estimate
is confirmedby the observedconvegencebehaviorand is
usefulwhenanalyzingmatrix elementevaluationin Sec.V.

IV. BASIS SET

Fromthe considerationsf the precedingsection,we have
at our disposalall the termsof the Fock expansionthrough
any desiredorder We note, however that we cannotsimply
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addthe termsof the Fock expansiordirectly to our basisset
sincethey do not falloff properlyat large distancesWe can
getaroundthe problemby building in the exponentiadecay
at large distancesand then removingthe exponentialeffects
at small distancesThe resultingfunctionis

K [k/2]
Pu(FE, n>=k§0 ,:EO Gk (P E M (£, P(In ),
(46)
where

k

1
9k(F. &, 77)=m2:O o LFF(E ) ["exd —F(€,7)]. (47)

The contributionfrom the function f(¢, %), which is needed
to providethe properfalloff at large distance s removedat

small r so that ¢ reproduceghe Fock expansionthrough
order K. We note that the unknown enegy E and the un-

known coefficientse,, of the homogeneousolutions are
containedwithin the single function ¢y . We could in prin-

ciple treattheseunknownparametersisnonlinearvariational
parameter@nd attemptto optimizethem.A betterapproach
is to usethe expansion

M N
(€, 77)=mZ:O HZO CnE " Vi1 mn(é, 1), (48)

in orderto breakup ¢ into separatebasisfunctions,and

then usethe diagonalizationto determinethe valuesof the

unknown parametersThis procedureuniquely definesthe

Fock functionswhich we denotes{), . For example for K

=7, which s thelargestvalueof K consideredn this work,

we obtainthe basisfunctions

¢878= €o(97%0000" 61000 + 852000 + Bsthaiod 2T

+Qath300d> + Bath3100IN ¥+ Gathaoed !
+@3ta10d INT + G3thaz0d *IN?r + G ihs0od >
+@oWs10d °INT + Gasp0 N’ + 81 hgood®
+81100 °IN ¥+ 8186200 °IN*F + @1 5300 °IN3F
+@oth700d” + Botz10d N ¥+ Gothra0d ' INF

+@oth730d IN%r), (49)

d’(lT(%: C1(9s5t01° + Q3010+ Gathaord* + @3tbanid N F
+ 25010 + 25110 IN F+ @1 010"
+ 8106110 IN ¥+ @1 e d °IN?F + @o 010

+@ot711d 'INT + Qo219 7IN%r), (50

d’(zT(%: €2(83ta02d"* + @25020"> + @1 ¥s02d° + G1¥s12d°IN F
+8ot702d” + Botbr12d ' INF), (51)
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¢(3?3: €3(9ataosd* + @21s5030"> + 91603 ° + @1 Y6130 PIN F

+@ot703d '+ Qotbr1ad 'InT), (52
¢273= €4(91%s04d °+ Botr0ad ). (53
¢§73= es(81¥6050"°+ Bo¥rosd"), (54

7_ 2 3 4
975<(),1)—30’5(951/’2001r + Qathaood * + Q3thacor
4 5 5
+93ta100 "INT +Gothso0a 7+ Goths1007INT
6 6 6,2
+81%6001 " T 916101 INT + Q186204 " INT

2
+ Qo700 + Gotrr0f 1N F+ Qo201 IN%F),

(55)
¢(172 =¢1E(@3t4010* + Q2501+ 1 011
+ 8106110 °INF+ Gotror '+ Gothran INF),
(56)
§)=,E(81¢6021 °+ Gotroat 7). (57)
B5)=C3E(1 Y603+ Gotrost ) (58)
§3=CoE2(@athaood * + Gathasod *INT + Goihsood®
+82t5108 >IN T + @1 6008 °+ G1¢Y6107 *INT
+ o004 '+ Gotbr02 'INT), (59
()= c1E%(@1 6014 °+ 916112 °IN T + Yo o1
+@ot71147InT), (60)
§3=CoE®(81 6009+ 816104 -+ Go 7003
+or1087InF). (61)

The functional dependencieshave been ignored in Egs.
(49)—(61) in orderto savespaceThe ¢y ; m , aredetermined
by the solutionto Eq. (29). Thereare 13 basisfunctionsfor
K=6 andK="7. Similar analysisyields 7 basisfunctionsfor
K=4 and K=5, and 3 basisfunctions for K=2 and K
=3. The basissetmay be compactedurther by combining
$%), with the samevalue of m. For K=7, this procedure
yields the basisset

= {3+ El]+E2p(3+E39{], (62)
=3+ Eg{+E2¢{), (63)
3=+ EdY], (64)

35"= oS +EaSY, (65
=54, (66)

= o(]. (67)
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In this procedurethe enegy E may be input asan approxi-
mation or treatedas a nonlinearvariational parameterThe

only remaining nonlinear variational parametersare con-
tainedin f(¢&,n) which we chooseto obeythe condition

exp(—byri—bor,—byr)=exg —rf(&n)],

so that
1
f(é,n)= ECOS@ COS(g
n
+ (2b12+ bl_ bz)tar( E

+b2)tar(§
e 2

(68)

(by+by)+(2by,— b,y

} . (69

We now addthe Fock functionsin hypersphericatoordi-
natesto the primary basisset consistingof productsof La-
guerrepolynomialsin perimetriccoordinatesn orderto ob-
tain the compactrepresentatiorof the full wave function.
Using a mixed coordinatenotation,we have

T=2>

I,m,n

C!,m,nul,m,n(Qlaqz ’Q12) + % Cm,n¢$.<,,)a(h§, 77):
(70

where

Urmn(81,92,612) = Uy(@1;41)Up(az ;QZ)un(alZ;qlz)E7l)

with the unnormalized_aguerrebasisfunctionsdefinedby

up(a;x)=exp —ax/2)L,(ax). (72
The Laguerrdengthscalesa;, a,, anda;, combinewith the
Fock length scalesb,, b,, and b;, to total six nonlinear
variational parametersHowever the dimensionalityis re-
ducedfrom six to four by recognizingthat a; mustbe the
sameasa, , andb; mustbe the sameasb, sincethe elec-
trons are indistinguishable Further simplifications,such as
assuminga hydrogenicexponentiaffalloff for eachelectron,
are helpful whenfine tuning the optimizations.

V. MATRIX ELEMENT EVALUATION

The matrix elementscontainingonly Laguerrefunctions
in perimetric coordinateshave been reported previously
[23,24). The matrix elementscontainingthe Fock functions
canbe evaluatediusing Gaussiarguadraturd 38] in the three
coordinates, ¢, and . We useGauss-Legendrquadrature
for the Pluvinageangularintegrations

N

1
| r@dz=3, wiiz ),

k=1

(73

wherethe nodesz, arethe N zerosof the Legendrepolyno-
mial Py andthe weightswy are given by
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_ 2
AL @] 7

(N+1)2[Py.1(20)]%

with the error E); dependenbn the singularitiesof f. We use
Gauss-Laguerrguadraturefor the hypersphericatadial in-
tegrations

N

k21 wif(z) +En(f),

f:z”exp(—z)f(z)dF (75

wherethe nodesz, arethe N zerosof the Laguerrepolyno-
mial Lg,“) andthe weightsw,, are given by

I'(N+a+1)z
W=, (a) 2’
NI[(N+1)L§Y1(Z0)]

(76)

with the error Ey, againdependenbn the singularitiesof f. It
was shownin Sec.lll that the termsof the Chebyshewex-
pansiondecreasdike (3+22)" wheren is the order of
the Chebysheypolynomial. Therefore a twenty term Cheby-
shevexpansiorwill provide doubleprecision(~10~% and
a forty term Chebyshevexpansionwill provide quadruple
precision(~10"3%. Sincethe Gaussiarguadraturaule ex-
actly integratesa polynomial of order 2N—1, we can
achievedouble precisionfor the angularintegralsusing N
=10 and quadrupleprecisionusingN=20. Theseestimates
for N shouldbe doubledwhen computinginner productsof
basisfunctions.The singularitiesintroducedinto the angular
integrationsby the exponentiafactor f(&, ) in Eq. (69) may
be movedin the complexplane(seeFig. 1) beyondthe near
estsingularitiesof the Fock expansiorby choosingappropri-
atevaluesfor the variationalparameterd,, b,, andb,,.

The Gauss-Laguerrgquadraturesor the integrandswhich
containlogarithmsneedto be modified in orderto achieve
the desiredaccuracy The modificationis obtainedby differ-
entiating the standardGauss-Laguerrguadraturerule with
respectto « on both sidesof the equalsign. The modified
Gauss-Laguerreule is

f:[ln(z)]mz“exp( -2)f(z)dz

N m

o d
=2 | 2w —f(z )+ SEn(f) (77)
n=0 | k=1
where
07y d
Wl(i,ﬂ(,)ﬂzwl(’t,n()*lnfla da (k) —1n> (78)
with
wy, for m=n=0,
wlk = (79

0 for n<0 o m<n.

Sincethe weightfunctionsall dependon « andz,, we must
usethe total derivativeoperator
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d_ 19+z9zk J 80
da da  da iz’ (80)

when operatingon any of the weight functions.The deriva-
tives of z, with respecto a canbe obtainedby differentiat-
ing the nodecondition

L{(z)=0 (8D)
to get
0z _ L () da 82
da aL{(z)/az -
%k

By constructionthe Fock basisfunctionsaretruncatedat
order K. In the presentwork, K=7 was the highestvalue
consideredSincethe highestpower of the logarithm of the
hypersphericakadiusis equalto K/2 for evenK, and (K
—1)/2 for odd K, the Fock functionswill containup to three
powersof thelogarithm,andthe correspondingntegralswill
containup to six powersof the logarithm.Becauseahe modi-
fied Gauss-Laguerrquadraturg77) requiresm+ 1 modified
weights,the total numberof modifiedweightsfor K="7 will
be 27. A very convenientway to computetheseweightswas
to symbolically differentiatethe standardweights (76) with
respecto o andz anddefineeachderivativeasa new func-
tion. The new derivative functions were then differentiated
with respectto o andz to definefurther new functions.We
proceedin this way until new functionsof all the required
combinationsof the six derivativeswith respectto @ andz
havebeendefined.Onceall the differentiationhasbeencom-
pleted,the nodesz, andthevalueof « is substitutednto the
newly definedfunctionsmakingthemnumericalarrays.

In orderto usethe quadraturerules outlined above,the
matrix elementintegrandsneedto be separatednto pieces
which contain no logarithms, pieces which contain one
power of the logarithm, pieceswhich containtwo powersof
the logarithm,andso on. For the Grammatrix elementghis
separatiorprocedurds no problem,but for the Hamiltonian
matrix elementghe separatiorbecomesnoredifficult dueto
the variousderivativesinvolved. The difficulties with differ-
entiatingandseparatinghe Fock functionintegrandsnay be
reducedif a symbolic manipulationprogramis used.The
Hamiltonianderivativeoperationsaandlogarithmicseparation
proceduresvere performedby consideringthe function

Uk(r, &) =exd —rf(&n)IUr, &) +USNr,&7)

+UR(r &7 +UR(rE )], (83
where
K
URArEm =2 frolé,mr (84)
K
ud(r, ¢, n>=k22 fea(&mriine, (85)
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K
uUd(r,¢, n>=g4 Fu & m)rkinr, (86)

K
Ud(r. ¢, 77):1;6 Fra(&mr¥ndr. (87)

The angular f coefficientsin Egs. (84)—(87) are arbitrary
functionsthat are to be determinedby the Fock basisfunc-
tion of interest.The function U, is separatedn the above
mannerin orderto allow the Gramandpotential-enegy ma-
trix elementsto be correctly separatedat the outset. The
kinetic-enegy operatorwill mix up the logarithmic depen-
dencesoasecondseparatiorprocedurewill be neededafter
the necessarylerivativeshavebeencompleted Using Pluvi-
nagehypersphericangles,we breakthe probleminto four
pieces: Uy, VUg, RUg, and LUy, where V is the
potential-enagy operatoy R is the radial kinetic-enegy op-
erator andL is the angularkinetic-enegy operator The de-
rivatives were performedby MAPLE and the separationwas
enactedby collecting the coefficientsof the logarithms.We
maynow treatVUg, RUg, andLU g simply asfunctionsof
r, &, and n that havea form similar to Eq. (83). After the
differentiationswere completedthe exponentialfactor was
removed since it will be put in by the Gauss-Laguerre
quadraturerule. The angularf coefficientsand their deriva-
tives were given scalarvariablenamesand savedfor usein
the next step.With the Hamiltonianoperationsalreadyper
formed, the next stepis to perform the differentiationsre-
quiredfor the modified quadraturg77). If we let

Z:f’h(g, 77),

then we can perform the necessaryifferentiationswith re-

spectto z. In analogywith the modified weight procedure,
we defineeachderivativewith respecto z to be a newfunc-

tion. After the differentiationshave been completed,the

nodesare substitutednto the new functionsto producenu-

merical arrays. The final stepis to assemblethe full inte-

grands.The requiredintegrandsare of the type

Il(Z1§v 77) :W(Z,f, U)Ur,m,n(z’f- n)UK(21§1 77)1
I Z(Z! 6’ 77) :W(Z! f’ n)U’,m,n(z! f’ 77) H UK(Z! gi 77)’ (90)
IS(zaf’ 77)=W(Za§, ﬁ)UK(Z,f, 77)UK(Z’§1 77)s (91)

|4(27§1 77) :W(Z, §, 77)UK(215, 7])H UK(ngi 77)

In Egs.(89) and (90) it is assumedhat the perimetriccoor
dinatesare expressedn termsof the hypersphericatoordi-
nates.The Ux andHU piecesin Egs.(89)—(92) are avail-
ablethroughorderK =7 usingthe methodsdescribedabove.
In order to complete the requirementsof the modified
quadrature(77) it is necessaryto also have available the
derivativesof the physical weight function w and the La-
guerrefunction U, ,, , . For the integrandsl; andl,, these
functionsneedto be differentiatedwith respecto z a total of
threetimesdueto the threepowersof the logarithm.For the
integrandd; andl,, the physicalweightfunctionw needso

(89)

(89

92
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be differentiatedwith respecto z a total of six timesdueto
the six powersof the logarithm. We again use MAPLE to
separatethe logarithmic terms and perform the differentia-
tions with respectto z. We also usedMAPLE to write out a
FORTRAN code[34].

VI. RESULTS

Thessingletandtriplet eigenvaluesnay be computedwith
a single Laguerrebasissetrepresentatiomf the form given
in Eq. (71). In this casethe numberof functionsis

'sum

np=z5 2 Ysum— I+ D) (Igum—1+2)
20

e oz oMy
_6 sum ' “sum 6 ~sum )

(93

where I, equalsthe maximumsum of the threeLaguerre
indices.In the presentwork, we are mainly concernedwith

the singletgroundstate.Therefore,it is convenientto parti-
tion the different symmetries.In this case,the number of

Laguerrebasisfunctionsis

7
’sum+ Q

1, 5, 17
ﬂL: 1_2'3um+ 5! + ) N (94)

sum 1_2
where the squarebracketsdenotethe nearestinteger The
Fock functionswere assemblednd systematicallyaddedto
the Laguerrebasisin orderto seethe effect on the conver
gencerate. The total numberof basisfunctionsis n, +ng
whereng equalsthe numberof Fock functions.Tablesl and
Il showthe errorin the ground-stateenegy asa function of
the optimized nonlinearvariational parametersTable | in-
cludesentriesfor K=0,2,4,6correspondingo n=0,3,7,13
with I, in therangel0-15. In Tablell, the Fockfunctions
with the samehomogeneousolutionwereaddedtogetherin
orderto speedup the calculation[seeEqgs. (62)—(67)]. This
causeda significantdecreasén the accuracyof the enepy,
presumablydueto the decreasedexibility of the Fockfunc-
tions. It is worth noting that the optimizationswere per
formedby trial and error and are not perfect. The tablesare
includedto providea startingpoint for future refinementsn
the optimization.

Figure 2 showsthe significantimprovementn the rate of
convegencethat can be obtainedby addingFock functions
to the basisset. The K=0 curve correspond$o an unmodi-
fied Laguerrebasisset. It is easyto seethat many more
Laguerrefunctionsarerequiredfor this basissetto matchthe
accuracyobtainedin the othercurves,which areobtainedby
using Fock functionsthroughKth order Eventually the im-
provementpatternwe seeby going to higher ordersin the
Fock expansionbeginsto diminish. In fact, the K=7 curve
which is not shown, shows an insignificant improvement
over the K=6 curve. The reasonthat the improvementdi-
minishesis that the cuspat the three-particlecoalescencés
handledwell enoughthat other physicaleffects, suchasra-
dial “in-out” correlation,becomemore important. Figure 3
showsthe optimizedvalue of the nonlinearparametea, as

022504-8



COMPACT REPRESENATION OF HELIUM WAVE . ..

TABLE I. Optimized nonlinear parameterdor basis setsthat
include ¢{<), .

l'eum K ng a; ai, b, by Error

10 0 0 130 235 1.02x10°8
10 2 3 120 240 1.00 0.00 8.14x10°1'°
10 4 7 117 234 1.00 0.00 3.44x10° %
10 6 13 1.10 220 1.01 0.00 8.52x10*
1 0 0 135 255 5.29x10°°
1 2 3 120 240 1.00 0.00 4.46x100
1 4 7 120 240 1.00 0.00 7.82x10 %
11 6 13 1.10 220 1.00 0.00 1.82x10 2
12 0 0 135 260 2.32x10°°
12 2 3 125 250 1.00 0.00 1.74x10°1'°
12 4 7 125 250 1.00 0.00 2.72x10 *?
12 6 13 1.10 220 1.00 0.00 4.75x10°%
13 0 0 140 280 1.18x10°°
13 2 3 130 260 1.00 0.00 6.31x10° %
13 4 7 130 260 1.00 0.00 8.99x10 =
13 6 13 1.19 239 1.07 0.04 9.13x10
14 0 0 145 290 5.01x10°1°
14 2 3 130 260 1.00 0.00 3.64x10°
14 4 7 130 260 1.00 0.00 2.69<10°'3
14 6 13 1.20 240 1.00 0.01 9.50<10°'®
15 0O 0 150 3.00 2.75x107°1°
15 4 7 130 260 1.00 0.00 8.88<10 4
15 6 13 125 250 1.00 0.02 2.80x10 %

a function of Iy, for different valuesof K. Becausethis

parameteis approximatelyequalto twice the valueof a4, it
determineghe length scaleof the Laguerrebasisfunctions.
WhenFock functionsareincludedin the basisset,the value
of a;, decreaseandthe Laguerrefunctionsarebetterableto
representelectronicbehaviorthat is further away from the
nucleus.

The most accurateresult obtainedin this work was
—2.9037243770341166 a.u.for theground-statenegy of
helium. This enegy was computedusing ly,,=15 and K
=6, correspondingto a total of 457 basis functions (n,
=444 and ng=13). This compares well to
—2.9037243770341184 a.u. calculatedby Baker et al.
[20] using a Frankowski-Pekerisasis set containing 476
functions. The best standardis —2.9037243770341195
a.u. calculatedby severalgroups[16,25-30] using substan-
tially larger basissets.

TABLE Il. Optimized nonlinearparameterdor basissetsthat
include {0 == ,E"¢{%) .

l'sum K ng a; ai, b, bi» Error

7 6 6 105 210 1.00 0.00 1.01x1077
8 6 6 105 210 1.00 0.00 8.72x107°°
9 6 6 1.04 208 100 0.00 5.61x10°1°
10 6 6 1.13 213 1.00 0.00 1.11x10°1°
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FIG. 2. Errorin the ground-stateenegy asa function of g,
The k=0 curve correspondgo an unmodifiedLaguerrebasisset.
The k>0 curvesinclude basisfunctionsthat reproducethe Fock
expansiorthroughkth orderwhenthe hyperradiugendsto zero.

VII. CONCLUSIONS

Theresultsof this work demonstrat¢hatthe convegence
rate of a nearlyorthogonalbasisset, suchasthetriple prod-
uct of Laguerrepolynomialsin perimetriccoordinatesmay
be substantiallyimprovedthroughthe addition of a few spe-
cially designedbasisfunctions. Theseso-calledFock func-
tions provide the exactanalytic structureof the true wave
function whentwo electronscoalescenearthe nucleus.Be-
causethe termsthat are logarithmicin the hyperradiushave
beenexplicitly treatedby the methodsdescribedn this pa-
per, the remaining portion of configurationspacemay be
easilyrepresented.

Severalusefulnumericalimethodshavebeendevelopedr

3.1 T T T

27

25

2.1 : ' :

FIG. 3. Optimized value of the nonlinearparametera;, as a
functionof I g,,,. As more Fock functionsareaddedto the basisset,
the value of a;, decreaseandthe Laguerrefunctionsare concen-
tratedfurther awayfrom the nucleus.
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employed in this work. The modified Gauss-Laguerre
quadratureallows an efficient and accuratenumericalevalu-
ation of integralscontaininglogarithmsof the hyperradius.
The useof Pluvinagehyperanglegprovidesa convenienico-
ordinatesystemfor the numericalevaluationof integralsand
an efficient method[33] for determiningthe angularcoeffi-
cientsof the Fock expansion.

The convegencerate of the basisset describedhereis
similar to the Frankowski-Pekeridasisset usedby Baker
et al. [20]. The principle advantageof the presentrepresen-
tation is that it doesnot strugglewith numericallinear de-
pendenceproblemsdue to the small numberof Fock func-
tions and the fact that the Laguerre basis is close to
orthogonal. The major disadvantagef the presentapproach
is the needto computematrix elementintegralsnumerically
Althoughthe quadratureschemeslescribechereareefficient
and accurate,they are still quite slow comparedto other
basisset approacheshat allow integralsof one or more of
the coordinatego be evaluatedanalytically

Finally, the preseniwork allowstheanalytichehaviomear
the three-particlecoalescenceoint to be treatedwithout the
needfor invoking “flexibility’ * arguments As Schwartzhas
recentlypointedout [30], flexibility is a vagueconceptthat

PHYSICAL REVIEW A 69, 022504 (2004

lacksmathematicatoundation While flexible basissetshave
certainly producedimpressivebenchmarksthey have cre-
ated a situation where theoreticalunderstandingf conver
gencerates‘‘lags well behindthe power of availablecom-
puting machinery’” [30]. It is hoped that the explicit
treatmenbf singularities suchaspresentedherein regardto
the Fock expansionmay provide a useful steptoward the
developmentof a rigoroustheory of convegenceratesfor
two-electronsystems.
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