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We
�

describea methodfor measuringthe forward-scatteringamplitudefor electroncollisionswith atomsor
molecules.Our schemeusesa gascell in one arm of an electroninterferometerand measuresthe resulting
attenuationandphaseshift of the electronmatterwave.The complexindex of refractionof the gasis deter-
mined along with the forward-scatteringamplitude.Calculationsof the scatteringof electronsby atomsare
performedusinga self-energypotentialobtainedby treatingthe atomasan inhomogeneouselectrongas.The
resultsindicatethat the proposedexperimentsarefeasible. � S1050-2947
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I.
�

INTRODUCTION

The quantum-mechanicaltheoryof scatteringof particles
predicts� the amplitudeand phase,whereasmost scattering
experiments� yield only the modulusof the scatteredwave
function.Onepossibilityof measuringthephaseof thescat-
tered
�

wave is to useinterferometrictechniques,ashasbeen
successfully� appliedin neutron� 1,2� and� atom/molecularop-
tics
� �

3,4
���

.
Informationaboutthe scatteringlength for neutroncolli-

sions� with a mediumhasbeenobtainedfrom the analysisof
measurements� of the complex index of refraction � 1 using!
neutron" interferometers.Recently,atom interferometry # 5$&%
hasbeensuccessfullyappliedto measuringthe index of re-
fractionfor atomicsodium ' 3,4

��(
and� molecularsodiumdimer)

6,7
*�+

matter� waves passingthrough a noble-gasmedium.
With
,

the application of multiple-scatteringtheory - 8–1
.

0/
these
�

experimentsprovidethecapabilityfor directly measur-
ing the forward-scatteringamplitudeof an atomiccollision.
In
0

the presentwork, we extend theseideas to the use of
electron� interferometry for measurementsof the forward-
scattering� amplitudefor electroncollisions with atomsand
molecules.

Electron
1

interferometryandelectronholography2 11,12,23
are� well establishedtechniquesused in fundamentalmea-
surements� as well as solid-statephysics experiments.The
first electron interferometerswere built using microfabri-
cated4 gratingsin 1953 for electrons5 136 and� a biprism for
electrons� in 1955 7 148 . Thelatterprovedto bevery versatile,
and� electroninterferenceexperimentswerecarriedout with
electrons� rangingin energyfrom a few tensof eV to 1 MeV9
11,12: . In someof theseexperimentsthe two interfering

electron� beamswereseparatedby over300 ; m� anda physi-
cal4 barrier was insertedbetweenthe beams< 15= ,> achieving
parameters� similar to or even more favorable than those
achieved� in theoriginal atomforward-scatteringexperiments?
3,4,7
� @

. Therefore it should be possible to measurethe
forward-scatteringamplitudefor electroncollisionswith at-
omsA andmoleculesusingelectroninterferometers.

For
B

theproposedelectroninterferometrymeasurementsof
the
�

forward-scatteringamplitudef
C

(
D
k
E
,0)> , theelectronwaveis

split� into two parts and allowed to propagatealong physi-
cally4 separatepathsbeforebeing recombinedfor the inter-
ferencemeasurementF see� Fig. 1G . If theseparationof thetwo
paths� of the electronis large a physical barrier can be in-
serted� andonepathcaninteractwith anatomicor molecular
gas,H whereasthe other path propagatesin a vacuum.The
final interferencefringes then allow a measurementof the
phase� shift IKJ introduced

L
by the electron-atomcollisions.

The
M

phaseshift is proportionalto therealpartof theforward-
scattering� amplitude
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where[ N
T

is
L

the numberdensityof the mediumand k
E

is
L

the
momentumof the electron.The attenuationof the amplitude\
ofA the transmittedwavecanalso be measured.It is propor-
tional
�

to the imaginarypart of the forward-scatteringampli-
tude
�

f
C

(
D
k
E
,0)> and is relatedto the total crosssectionthrough

the
�

optical theorem

]
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FIG. 1. Schematics,not to scale,of a biprism electroninterfer-
ometer h 14,15i adaptedj to measurethe forward-scatteringampli-
tude.Chargedwiresactsasbiprisms.Thenegativelychargedwires
split/recombinethe beamandthe positively chargedwire redirects
the two beamsbacktogether.The refractiveindex of a gasis mea-
suredby insertinga gascell or a gasjet in onearm of the interfer-
ometer.
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By analogy to light optics, the index of refraction of the
effective� mediumis given in termsof the forward-scattering
amplitude� by

nsut kEwvyx 1 z 2
{c|
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k
E
,0>X� . � 3�&�

By
�

measuringboth the phaseshift �K� and� the amplitude
ofA the interferencepatternone can obtain a direct measure-
ment of the forward-scatteringamplitudefor electronscol-
liding with atomsor molecules.As in the caseof atom in-
terferometry
� �

3
�&�

,> the experimentwould be sensitiveto the
ratio� of the real to imaginarypart of the forward-scattering
amplitude,�

R
�X� Ref

Cu�
k
E
,0>��

Im
0

f
Cu�

k
E
,0>�� ,> � 4a&�

but
�

not sensitiveto the numberdensityof the medium.

II.
�

CALCULATIONS

In orderto assessthe feasibility of our proposedscheme,
we[ calculatedelectron-atomscatteringamplitudesby treat-
ing
L

theatomasaninhomogeneouselectrongas � 16� . Theuse
ofA electron-gasmodelsin the theoreticaldescriptionof low-
energy� electron diffraction and extendedx-ray absorption
fine structurehas beenwell documented� 17–19� . For the
choice4 of scatteringpotential,we follow thederivationgiven
by
�

LeeandBeni � 19� . Whentheelectrondensityof theatom
is slowly varying on the scaleof the local de Broglie wave-
lengthof the incidentelectron,the usualDysonequationfor
the
�

electronpropagatorreducesto a Schrödinger
�

equation
with[ a complexself-energy.The plasmonpole approxima-
tion
� �

20� may be usedto replacethe elementaryexcitations
ofA the electrongasby a singlepole. The self-energyactsas
an� effectivepotentialthataccountsfor theexchangeandcor-
relation� effectscausedby the electronsin the atom,with the
imaginarypart correspondingto emissionandabsorptionof
plasmons.� Inelastic processesthat arise from the plasmon
pole� approximationcorrespondphysically to excitationsof
atomic� bound states,althougha preciseconnectionis not
possible� within theinhomogeneouselectrongasmodelof the
atom.� The accuracyof the approximationin describingthe
electron-atom� scatteringthatgivesrise to extendedx-ray ab-
sorption� fine structure,however,is known to be quite good�
19,21,22� for electronenergiesabove50 eV, andwe expect

the
�

approximationto beat leastasaccuratefor estimatingthe
ratio R at� theseenergies.The self-energypotential is given
by
���

19,20�
 ¢¡
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where[ f

C
(
D
q² � )� is the Fermi distribution function andw¥ p³ is the

plasma� frequency.The quantity w¥ 1(
D
q² )
�

must reduceto the
plasma� frequencyfor small q² and� to the free-particleenergy
1
2 q² 2
}

for largeq² . Thechoiceof plasmondispersionrelationis
givenH by � 20�

w¥ 1
2 � q²���� w¥ p³2 ��� F
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where[ k

E
F
! is
L

the Fermi momentumand " F
! is
L

the Fermi en-
ergy.� The radial dependenceof the self-energypotential
comes4 from the plasmafrequencyandFermi momentum

w¥ p³$# r %�&(' 4 )+* e,.- r /10 1/2,> 2 103
k
E

F 4 r5�6�798 3�+: 2
}.;

e,.< r5�=1> 1/3,> ? 11@
where[ A

e, (D r5 )� is the electron-charge-densityfunction. The
Thomas-Fermi
M

descriptionof the atomis usedto obtain the
local energy

w¥CB r D�E 1
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}�F

r G�H 1
2 k
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where[ k

E
is
L

the free-electronmomentum.The full scattering
potential� is determinedby addingtheself-energyto theelec-
trostatic
�

potential
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where[ Z
l

is
L

the nuclearchargeof the atom and m e, (D r5 n )� is the
electron-charge-density� function.Thedensityfunction is ob-
tained
�

by solving the relativistic Kohn-Shamequation o 23p

FIG. 2. Real,imaginary,andthe ratio of real to imaginaryparts
of the forward-elastic-scatteringamplitudeas a function of k for
electroncollisionswith neon.Thescatteringamplitudesaregivenin
atomicunits.
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using! the local-density approximation. The Schrödinger
�

equation� for the centralpotentialV(
D
r5 )��q V0

O (D r5 )��rts (
D
p£ u ,> w¥ ) i

�
s

solved� numericallyto obtainthe scatteringamplitude

f
Cwv
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E
,>1xzy�{ 1

2ik
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l
���

1 ��� exp��� 2{ i
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l
~���� 1 � P� l

~�� cos4 ��� ,>$�
14�

where[ �
l
~ is
L

the l
�
th-order
�

phaseshift.

III. DISCUSSION

Figure
B

2 showstherealandimaginaryparts,andtheratio
ofA thereal to imaginarypartof the forward-elastic-scattering
amplitude� as a function of k

E
for
�

electron collisions with
neon. The real part is slowly varying for k

E
�
2 a.u. The

imaginarypart decreasesrapidly with k
E

and� crossesthe real
part� at aboutk

E��
11a.u.The ratio appearsto be linearwith a

slope� of about0.08.Figure3 showsthe sameplots for elec-
tron
�

collisionswith argon.The ratio againincreaseslinearly
with[ k

E
with[ a slopeof about0.09.Figure4 showsthe ratio

for severalotheratoms.The linearity of the ratio of the real
to
�

theimaginarypartof theforward-scatteringamplitudeis a
generalH featurethatemergesfrom our calculationsfor all the
atoms.� Thevaluesof the ratiosof the real to imaginaryparts
ofA thescatteringamplitudearenot smallandtendto increase
with[ the overall sizeof the atom.

In
0

general,experimentswill be easiestif the ratio R
�

is
L

of

orderA unity. Thenboththeattenuationandthephaseshift can
be
�

measuredin thesameexperiment.If R � 1 thephase-shift
measurementis more difficult becauseof the large attenua-
tion
�

of thetransmittedelectronbeam.Nevertheless,sincethe
interference
L

experimentsaresensitiveto theamplitude\ ofA the
transmitted
�

wave, successfulexperimentscan still be done
for high attenuation,as shown in the atom interferometer
experiments� � 3��� in

L
which the transmissionwas as low as

10� 4
�
,> correspondingto a transmittedamplitudeof 10  2

}
. For

R
�¢¡

1 the phaseshifts are easyto measure,but the attenua-
tion
�

is moredifficult, especiallysincea reductionof the in-
terference
�

contrastcan also stem from the final coherence
length of the electronbeam.As can be seenin Fig. 4, the
calculations4 presentedherepoint in mostof the casesto the
favorablerangeof R £ 1. Significantattenuationwould only
occurA at low energieswherethe crosssectionsarelarge,but
as� the energyof the electronincreasesthe attenuationbe-
comes4 lesssevere.Our calculationsshow that for energies
between
�

50 eV and5 keV, the ratio of the real to the imagi-
nary" part of the forward-scatteringamplitudegenerallyin-
creases4 with energy,indicating that electroninterferometry
experiments� should be feasiblewith high-energyelectrons.
Similarly
¤

it shouldbe possibleto obtain information about
the
�

forward-scatteringamplitudesfor atomsin bulk material
from
�

experimentsby insertinga very thin foil in onearm of
the
�

interferometer.
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