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Quantum-mechanical
�

scatteringcalculationsof Feshbachresonancesarising from van der Waalsmolecule
formationareusedto determinevibrationalandrotationalpredissociationlifetimes. A multichanneleffective
rangetheory is usedto establishthe relationshipbetweenpredissociationand the zero-temperaturelimit of
collisional� quenchingfor resonanceslying close to the thresholdsfor dissociation.The elastic scattering
Feshbach
�

resonancesmay be measurablein ultracoldatom-moleculeexperiments.� S1050-2947	 98
 51510-7
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PACSnumber
 s��� : 34.50.� s�
I.
�

INTRODUCTION

Predissociationof van der Waalsmoleculeshasbeenan
area� of considerableexperimental� 1–6� and� theoretical� 7–

�
9
���

interest.
�

Predissociationmay be an important relaxation
mechanismfor vibrationallyexcitedmoleculesif thedensity
of� surroundingatomsis high andthetime scalefor establish-
ing
�

equilibrium of van der Waals moleculesis short com-
pared� to other relaxationprocesses� 10� . The possibility of
ultracold moleculeformation ! 11–15" hasmotivatedrecent
investigationsof vibrational quenchingof diatomic systems
due
#

to collisionswith ultracoldatoms $ 16,17% . The rangeof
applicability� of Wigner’s thresholdlaw was determinedfor
exothermic& rovibrationaltransitionsin H2

' collisions( with H
and� He. A multichanneleffective range theory was intro-
duced
# )

18* and� it wasarguedthat the imaginarypart of the
scattering+ lengthis relatedto the lifetime for vibrationalpre-
dissociation
#

of van der Waals molecules.In the present
work,, we analyzeFeshbachresonancesfor He- H2 scattering+
that
.

arise from van der Waalsmoleculeformation, and we
compare( thepositionsandwidthsof theresonancesobtained
from
/

exactnumericalcalculationswith thosepredictedfrom
effective& rangetheory.Using the computedwidths we tabu-
late vibrational and rotational predissociationlifetimes for
the
.

He-H2 van0 der Waalsmolecule.

II.
�

THEORY

A numericallyexactcalculationof resonanceparameters
may1 beperformedby computingthescatteringS

2
matrix1 for a

rangeof energies.Theeigenchannelsx3 pn4 and� eigenphases5 n6
are� determinedby diagonalizingtheS

2
matrix at eachenergy,

yielding7 the formula

S
2

pq498;:
n6 x3 pn4 x3 qn< exp&>= 2i

?�@
n6BA ,C D 1E

where, the sum over nF includes all open channels.In the
vicinity0 of a resonance,theeigenphasesumincreasesby G in

�
the
.

sameway astheusualphaseshift for potentialscattering.
The positionandwidth of the resonancemay thenbe deter-
minedfrom the derivativeof the eigenphasesum

HJI
2
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E
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n6RQ n6
E S Er
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,C U 2K�V
with, the resonancelifetime given by WYX[Z /

\^]
.

In our analysisof ultracoldatom-moleculescattering_ 18̀ ,C
we, pointed out that a complex scatteringlength could be
used to predictpredissociationlifetimes of thoseresonances
that
.

lie close to thresholdsfor dissociation.In the present
work,, we extend this description to include the effective
range.a The derivationbeginswith the elasticscatteringam-
plitude�

f
b

n6dc 1

e 1

af n6hg 1

2
K ri n6 kj n62 k l ik

?
n6 ,C m 3n�o

where, k
j

n6 is
�

the momentum,af n6 is
�

the scatteringlength,and
rn6 is theeffectiverangefor thechannelnF . For smallk

j
n6 ,C the

elastic& scatteringamplitudemay be usedto obtain a useful
asymptotic� expansionfor the diagonalS

2
-matrix element,

S
2

nn6qp 1 r 2ia
?

n6 kj n6ds 2af n62' kj n62'dt i
?vu

2af n6xw rn6By af n62' kj n63zx{ O
|~}

k
j

n64�B� . � 4�
The singularitiesof the scatteringamplitude � 3n�� correspond(
to
.

energiesof boundstatesor positionsof resonances.The
energy& of the boundor quasiboundstateis estimatedfrom�

n6d���[� 2 �
n62' /2\�� ,C where � is

�
the reducedmassof the colli-

sion+ systemand � n6 is
�

given by

�
n6d� 1

rn6h� 1

rn62'h�
2

af n6 rn6 . � 5���
By
�

defining the scatteringlength af n6x�;� n6x� i
?��

n6 ,C where the
imaginarypart of the scatteringlength � n6 characterizes( the
ratea of total inelasticscatteringfrom channelnF ,C we canwrite
the
.

energy � n6 as�
�

n6x� E
N

n6d  i
?
2
K¢¡ n6 ,C £ 6¤�¥

where, for small ¦ n6
En6x§©¨«ª 2¬ ri n62' 1 ­¯® n6 ri n6°

af n6�± 2'h² 1 ³ 2
Kh´

n6 ri n6µ
af n6�¶ 2' ,C · 7��¸
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1 . Î 8Ï�Ð

Thelifetime for predissociationis givenby Ñ n6xÒ[Ó /
\ÕÔ

n6 . When
the
.

effectiverangeis smallcomparedto themagnitudeof the
scattering+ length, the lifetime reducesto the form given inÖ
18× .

In atom-diatomscattering,thechannelindexnF designates
#

the
.

vibrationalandrotationalquantumnumbers( Ø and� j
Ù
) o
Ú

f
the
.

diatomandtheorbital angular-momentumquantumnum-
ber
Û

l
Ü

of� the atom.The total angular-momentumrepresenta-
tion
.

of ArthursandDalgarnoÝ 19Þ maybeusedto expressthe
S
2

matrix.1 The crosssectionis given by
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where, J
ñ

is
�

the total angular-momentumquantumnumber.
The
*

ratecoefficientfor a given transitionis obtainedby av-
eraging& the appropriatecrosssectionover a Boltzmanndis-
tribution
.

of velocitiesof the incomingatom

R
+-,

j
á/.�0�1

j
á32�4 T57698;: 8Ï k

j
BT/
\3<7=?> 1/2@

k
j

B
A T
57B 2

0
ï CEDGF j

á�HJI�K
j
á
L

M
exp&ONQP E/

\
k
j

B
A T R EdE,C S 10T

where, E is the center-of-masscollision energy, k
j

B is
the
.

Boltzmann constant,and T
5

is
�

the temperature.In the
ultracold limit, the orbital angularmomentumof the atomis
zero and the total angularmomentumis equal to the rota-
tional
.

angularmomentumof the diatom.The elasticandin-
elastic& crosssectionsaregiven by

UGV
j
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consistent( with Wigner’s thresholdlaw } 20~ . Equations� 10�
and� � 12� may1 be usedto obtain the imaginary part of the
complex( scatteringlength

�d�
j
á����

4 �7� lim
T � 0
ï R � j

á�� T � ,C � 13�
where,

R
+-�

j
á�� T57�������� já3� R

+-�
j
á/�����

j
á3��  T5�¡ . ¢ 14£

III. RESULTS

The close-couplingequationsdescribingcollisionsof He
with, H2 havebeenset up and solved ¤ 17¥ both

Û
aboveand

below
Û

threshold.As a test of our numericalprocedures,we
show+ in Fig. 1 the Wigner cusp that occursin the s¦ -wave
elastic-scattering& crosssectionat the §7¨ 0,

©
j
Ù_ª

2
K

threshold.
When
«

higherpartialwavesareaddedto thecrosssection,the

FIG. 1. Cuspin the ¬®­ 0, j
¯±°

0 elastic-scatteringcrosssection
at the ²®³ 0, j

¯±´
2 threshold.The zeroof energycorrespondsto theµ·¶ 0,

¸
j
¯±¹

2 threshold.

TABLE I. Resonanceparametersfor He-H2(
º¼»

,½ j¯ )
¾
. Therealandimaginarypartsof thescatteringlengthandtheeffectiverangearegiven

in angstroms,theenergiesandwidths in cm¿ 1, andthe lifetimes in seconds.The resonantenergiesaredefinedwith respectto thediatomic
energylevels.
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aS From effectiverangetheory.
b
T
From
�

exactnumericalcalculation.
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cusp( is not detectable.For resonantscattering,theS
2

matrix is
computed( anddiagonalizedbelowthresholdfor a largenum-
ber
Û

of closelyspacedenergies.Theeigenphasesumis differ-
entiated& with respectto energyto obtainthe numericallyex-
act� resonanceparameters.For scatteringabovethreshold,the
effective& rangeparametersUWV j

á and� riYX j
á are� obtainedfrom the

series+ expansionZ 4[ of� the S
2

matrix, and the value of \^] j
á

from
/

Eq. _ 13̀ . Using Eqs. a 8Ïcb and� d 13e we, may relate the
lifetime
f

for predissociationto the zero-temperaturelimit of
the
.

collisional quenchingrate,

gih
j
áj 1 k 1

2
K^l

riYm j
áon afqp j

áor 2 1 s 2
KutWv

j
á riYw j
áx

afqy j
áoz 2

{ 1/2|
1 lim
f
T } 0
ï R
~��

j
áo� T��� .

�
15�

In
�

Table I we presentthe effective rangeparametersalong
with, the energies,widths, and lifetimes for predissociation.

The resonancescorrespondingto purevibrationaltransitions
are� extremely narrow and were not resolvednumerically.
The
*

positionsandwidths of the resonancespredictedby ef-
fective
/

rangetheory are in good agreementwith thoseob-
tained
.

from exactnumericalcalculations.Theeffectiverange
parameters� are particularly useful for characterizinglong-
lived
f

resonanceswhere the exact numerical approachhas
difficulty
#

achieving sufficient resolution. The scattering
lengthapproximationcanbe obtainedfrom Eq. � 15� by

Û
set-

ting
.

riY� j
ái� 0.

©
For He-H2 the

.
lifetimesestimatedfrom thescat-

tering
.

lengthapproximation� 17� differ
#

from their exactval-
ues by abouta factor of 2.

The s� -wave scatteringresonancesdescribedabove are
sufficiently+ strongthat theydo not getwashedout by higher
partial� waves.Figure2 showstheelastic-scatteringFeshbach
resonancesthat occur just below the j

ÙW�
2 thresholdsfor �� 0

©
and �u� 1. Although the J

ñ��
2
K

contribution � or� equiva-
lently thes� -wavecontribution� to

.
thecrosssectionis respon-

sible+ for the resonances,a maximumtotal angularmomen-
tum
.

J
ñ

of� 30 was neededto secureconvergenceof the
background
Û

contribution.Experimentson trappedultracold
molecules1 may be ableto resolvetheseresonances.

IV. CONCLUSION

We
«

havestudiedin detail thespectralfeaturesof ultracold
atom-diatom� collisionsin the vicinity of thresholdsandpre-
sented+ a generalprocedurefor predictinglifetimes for vibra-
tional
.

androtationalpredissociation.The experimentalreal-
ization
�

of trapped ultracold molecules should provide a
unique opportunityto study the thresholdbehaviorof colli-
sions+ betweenatomsand molecules.Measurementof spec-
tral
.

featuresof thekind discussedin thepresentwork should
provide� a stringenttestfor atom-diatompotentialenergysur-
faces.
/
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FIG. 2. Feshbachresonancesin the elastic-scatteringcrosssec-
tion below the üþý 0, j

ÿ��
2 and ��� 1, j

ÿ��
2 thresholds.The solid

curve is the elasticscatteringin the ��� 0,
¸

j
ÿ
	

0 channeland the
dashedcurve is in the ��� 1, j

ÿ�

0
¸

channel.The zero of energy
correspondsto the ��� 0,

¸
j
ÿ��

2 thresholdfor thesolid curveandthe
��� 1, j

ÿ��
2 thresholdfor the dashedcurve.
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