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We
�

presenta theoreticalstudy of the index of refractionof argon for the propagationof sodiummatter
waves.� Thesensitivityof theindexof refractionto thedetailsof themolecularpotentialcurveis analyzed.Our
calculations	 revealvelocity-dependentoscillationsin the index of refractionthat may be detectable,particu-
larly



at low temperatures,in atominterferometrymeasurements.A procedurefor refining molecularpotential
curves	 is outlined. � S1050-2947
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Recently,
�

atom interferometry � 1� has
�

beensuccessfully
applied� to measuringthe complex index of refraction for
sodium� matterwavespassingthrougha noble-gasmedium�
2,3
���

. With theapplicationof multiple-scatteringtheory  4,5
!#"

these
$

experimentsprovidethecapabilityfor directly measur-
ing the averageforward-scatteringamplitudeof an atomic
collision.% It has beensuggested& 5,6

'#(
that
$

this featurepro-
vides) the possibility for refining molecularpotentialcurves.
The motivation for the presentwork is to provide a bridge
between
*

the molecularpotentialcurvesobtainedfrom exist-
ing
+

spectroscopicdataand the index of refractionmeasure-
ments, obtainedfrom presentandfuture atominterferometry
experiments.-

For thelight noblegasesHe andNe, it wasshown . 5'0/ that
$

the
$

index of refractionis sensitiveto the ‘‘glory’’ contribu-
tion
$

to the forward-scatteringamplitudethat arisesfrom un-
deflected
1

classicaltrajectories.A connectionwas madebe-
tween
$

short-rangepotential parametersand the index of
refraction2 measurements.For heaviersystemssuchasAr, the
glory3 contribution has also beenpredictedto be important4
6
506

. However,theargumentin 7 3809 that
$

themeasurementsare
mostsensitiveto the long-rangepartof themolecularpoten-
tial
$

appliesto heavysystemspossessingmanyboundstates.
Therefore,
:

the connectionbetweenpotentialparametersand
the
$

interpretationof atominterferometrymeasurementsmay
be
*

different for heavysystemsthanfor light systems.In the
present; work, we investigatethis connectionfor the caseof
sodium� atomspassingthroughargon.

For theatominterferometrymeasurements< 380= ,> it hasbeen
established- ? 3,5,6

8 @
that
$

the noble gas can be treatedas an
effective- mediumwith a complexindex of refraction
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whereS N
L

is the numberdensityof the mediumandk
D

L
E is the

momentum, of the beam in the laboratory frame. The
forward-scatteringamplitude f

M
(
T
k
D
,0)> is calculated in the

center-of-mass% framefor two particleswith relativemomen-
tum
$

k
D
. Atomic unitsareassumedunlessotherwiseindicated.

The
:

notation U V in
+

Eq. W 1X refers2 to a statisticalaverage

withS respectto all microscopicparametersof the medium.
Following Y 5'GZ ,> we averagewith respectto the momentum
distribution
1
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whereS u is
+

thereducedmassmc Tmc P
v /(
w

mc T x mc P
v )y with mc P

v and�
mc T the

$
respectivemassesof the projectileandtargetatoms,

E z k
D

L
E2� /2w mc P is the kinetic energyof the projectileatom,and{

is the inverseof the Boltzmannconstanttimes the tem-
perature.; The statisticalproceduregiven aboveis different
from
|

the one usedby Vigue and co-workers } 650~ in
+

that a
distinction
1

is made betweenthe laboratory momentumk
D

L
E

and� the relative momentumk
D
. This differencemay become

significant� for applicationswherethe distributionof projec-
tile
$

velocities is wide comparedto the spreadin targetve-
locities,
�

or whentheprojectilevelocity is muchsmallerthan
the
$

averagerelativevelocity of collision, i.e., k
D

L
E���� � /

w��
. In

the
$

experimentof Schmiedmayeret� al. � 380� ,> the sodiummat-
ter
$

wavehasa velocity width thatis only a few percentof the
peak; k

D
L
E . Therelativevelocity distributionis muchwider, so

weS canneglecttheaverageoverprojectilevelocities,andthe
difference
1

betweenthe distributionsusedin � 5'0� and� � 650� is
+

negligible.
The
:

forward-scatteringamplitudeis calculatedfrom the
molecularpotentialV(

T
r)
y

betweenthe sodiumandargonat-
oms.� The potentialscatteringcalculationsareperformedus-
ing
+

both the standardquantumpartial-wavetheory and the
semiclassical� eikonal approximation.In the quantumcalcu-
lation, the scatteringamplitudeis obtainedfrom the expan-
sion�

f
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whereS ´

l
� is thenumericallycomputedphaseshift and µ is the

center-of-mass% scatteringangle. In the eikonal approxima-
tion,
$

the scatteringamplitudeis given by
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whereS b

É
is
+

the classicalimpact parameterand Ñ (
T
b
É

)
y

is the
corresponding% phaseshift function
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TheNaAr potentialcanberepresentedin termsof a short-

range2 part VS
ñ and� long-rangepart VL ,>
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The
:

parametersa8 ,> D
�

e� ,> andrö 0
� are� thestandardMorsepoten-

tial
$

parametersand rmù is a matchingradius. The constant9
is
+

a small offset, similar to the one usedby Vigue and
co-workers% : 65�; ,> that canbe usedtogetherwith the functions
g+ n< (T bÉ ;rö )y to smooth the connectionbetweenthe short- and
long-range
�

potentials.With the definitions
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weS obtainasr ced ,> the van der Waalsexpansion

VL
E%f rö�g/hji C6

*
rö 6
*lk C8

rö 8 m C10

rö 10 . n 12o
To determinethe parametersfor our short-rangeMorse

potential,; we usedthe measurementsof Smalley et� al. p 7þ�q
and� Pritchard r 8"�s . The long-rangevanderWaalscoefficients
are� takenfrom t 96�u . We requirethepotentialandits derivative
to
$

be continuousat the matchingpoint rmù . The valuesofv
,> rmù ,> and b

É
are� obtainedby a least-squaresfit to this re-

quirement.w Our procedureoffers a slight improvementover
the
$

approachusedby Vigue andco-workersx 65�y ,> which does
notz constrain the potential derivative to be continuousat
rmù . The potentialparametersaregiven in Table I. Figure1
shows� logarithmic and linear plots of the interactionpoten-
tial
$

with andwithout the long-rangetail.
We
{

havecalculatedthe ratio of the real to the imaginary
part; of the forward-scatteringamplitude in the center-of-
mass, framefor the NaAr potential

R | kD%}�~ Re� fM�� kD ,0>���
Im � fM�� kD ,0>��� . � 13�

In
�

Fig. 2, we comparethe quantumcalculationwith the ei-
konal calculation.The agreementbetweenthe two calcula-
tions
$

is very goodfor k
D
�

25.
�

Severalthousandpartialwaves
are� requiredfor the quantumcalculationto convergewhen
k
D
�

25,
�

so we usethe eikonalapproximationfor largevalues
of� k
D
.

Oscillatory
�

structureappearsin both the quantumandei-
konal
�

calculations.The narrow structuresthat occur in the
quantumw calculationat low valuesof k

D
are� shaperesonances.

The
:

eikonalcalculationoscillatesnearthevalue0.72,which
is what is obtainedwhen only the long-rangepotential is
used� � 38�� . The phaseof the eikonal oscillation is given by�
10,11�

�
E � 2 ��� bÉ g����� 3

8��
8
"   14¡

whereS the ‘‘glory’’ impact parameterb
É

g� is evaluatedfrom
the
$

condition

TABLE I. Potentialparameters.

Parameter Value Units

a 0.498
¢

8956 a.u.
b 1.26826 a.u.
D
£

e¤ 45.43 cm ¥ 1¦
-0.325 cm § 1

r0
¨ 4.991 Å

rm© 10.2672 Å
C6
ª 190 a.u.

C8
« 12700 a.u.

C10 820000 a.u.

FIG. 1. The absolutevalue of the NaAr interactionpotentials.
Thesolid curveis for theMorsepotentialconnectedto a long-range
vanderWaalsexpansion.Thedashedcurveis for theMorsepoten-
tial. The inset showsthe potentialson a linear scale;there is no
discernibledifferencebetweenthe two curves.
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The
:

glory impact parameterchangeswith energy,so it is
possible; to definea trajectoryb

É
g�^· b
É

g� (T kD )
y

that describesthe
evolution- of ¸ E withS k

D
. A quantumphasefunction ¹ Q can%

be
*

similarly definedto be the largest º l
� for
|

a given k
D
. The

eikonal- calculationsdemonstratethat » E
¼ is proportionalto

1/k
D
,> while the quantumcalculationsshowthat ½ Q ¾j¿ E withS

strong� deviations from the 1/k
D

proportionality; when k
D

is
+

small.�
In orderto studythe importanceof the long-rangepartof

the
$

potential,we performedcalculationsusingtheMorsepo-
tential
$

with andwithout thevanderWaalscontribution.Fig-
ure� 3 comparesthe two calculationsof R(

T
k
D
)
y

over a wide
range2 of energies.For k

DÁÀ
1 a.u. the phaseÂ Q is

+
nearly the

same� for both calculations,which suggeststhat long range
scattering� regulatestheamplitude,andglory scatteringregu-
lates
�

the phaseof R
Ã

(
T
k
D
)
y

whenk
D

is
+

sufficiently large.
The
:

total variationof the quantumphaseis

ÄÆÅ
Q ÇjÈ Q É kÊ/Ë 0

�^ÌjÍ
Q Î kÊ/ÏÑÐÓÒ 2

��Ô
nA ,> Õ 16Ö

whereS nA is
+

the numberof rotationlessboundstatesthat are
supported� by the molecularpotential × 10,11Ø . For a Morse
potential,; the numberof boundstatesis known analyticallyÙ
12Ú ,>

nAGÛ Int
� 1

a8GÜ 2
�ÞÝ

D
�

e��ß 1

2
� à 1. á 17â

For the Morse potential in Fig. 1, there are sevenbound
states,� and for the full NaAr potential of Fig. 1, there are
eight.- Countingthe numberof coarseoscillationsin Fig. 3
yieldsã thecorrectnumberof boundstatesfor bothpotentials.

The
:

k
D
ä

0
´

limiting behaviorof the ratio of the real to the
imaginary part of the scatteringamplitudecan be usedto
determine
1

the parametersof the effectiverangeexpansion

R
åçæ

k
D%è�é)êQë

a8 sì kDîí�ï 1 ð 1

2
� rö e� kD ,> ñ 18ò

whereS a8 sì is
+

thescatteringlengthandrö e� is
+

theeffectiverange
of� the potential.For the full NaAr potential of Fig. 1, the
values) of a8 sì and� rö e� are� 170 and 20 a.u., respectively.The
accuracy� of theseestimatesis very sensitiveto the long-
range tail of the potential. Therefore,atom interferometry
could% potentiallyplay animportantrole in determiningbetter
effective- rangeparameters.

Thermal
:

averagingis neededto get theratio of thereal to
the
$

imaginarypartof the forward-scatteringamplitudein the
laboratoryframewheretheeffectivemediumis defined.Fig-
ure� 4 is a plot of the distribution function ó 2��ô for

|
sodium

FIG.
õ

2. The ratio R
ö

(k) versus1/k. The solid curveis the quan-
tum calculationandthe dashedcurveis the eikonalcalculation.

FIG. 3. The ratio R(
÷
k
ø
)
ù

versusk. The solid curve is for the
Morse potential connectedto a long-rangevan der Waalsexpan-
sion.The dashedcurveis for the Morsepotential.

FIG. 4. TheNaAr relativemomentumdistributionfunction.The
four plots correspondto sodiumprojectile velocitiesof 1000 and
2000m/s, andargongastemperaturesof 77 and300 K.
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projectile; velocities ú and� argongastemperaturesT that
$

are
being
*

consideredin future experimentsû 8"�ü . The spreadis
widestS for high temperatures.

Figure
ý

5 showsthevelocity dependenceof theratio of the
realto theimaginarypartof theforward-scatteringamplitude
in
+

the laboratory frame for T
þÿ

300
8

K and T
þ��

77
þ

K. For
T
þ��

300
8

K, the thermalaveragingtendsto suppresstheglory
oscillations� when converted to the laboratory frame. At
T � 77

þ
K, theglory oscillationsbecomemoreprominent.For

both
*

temperatures,the shaperesonancestructuretendsto be
washedS out by thermalaveraging.Also shownin Fig. 5 is the
T
þ��

300
8

K measurementof Schmiedmayeret� al.
�
3
8��

. The
agreement� betweentheory and experimentis within experi-
mentaluncertainty.

An interpretationpresentedin 	 38�
 indicatesthat index of
refraction2 measurementsaremostsensitiveto the long-range
part; of theinteratomicpotential.For thelight noblegasesHe
and� Ne, it wasshown � 5'� that

$
the index of refractionis sen-

sitive� to the ‘‘glory’’ contributionto the forward-scattering
amplitude.� A connectionwasmadebetweenshort-rangepo-

tential
$

parameters,suchasthe positionanddepthof the po-
tential
$

well, andtheindexof refractionmeasurements.In the
present; work, we havepresenteda generalapproachthatcan
be
*

usedto interpretthe indexof refractionmeasurementsfor
a� variety of experimentalconditions.The long-rangecontri-
bution
*

is larger for Ar than for He and Ne, and effectively
determines
1

the index of refraction � 38�� . Nevertheless,
velocity-dependent) glory oscillationsshouldstill be detect-
able� in the index of refractionmeasurements,particularlyat
low
�

temperatureswhere the effect of thermal averagingis
reduced.2

Vigue
� �

6
5��

has noted that atom interferometrymeasure-
mentsmay provide the capability for determiningthe mag-
nitudez andsign of the scatteringlengthfor an ultracoldgas.
For
ý

such systems,the relative velocity of collision is very
nearly equal to the laboratoryvelocity, and the scattering
length
�

a8 sì can% be approximatedby

a8 sì���� lim
k
Ê

L
��� 0
� 1

k
D

L

Im � nA�� kD L
E����

Re� nA! kD L "# 1 $ . % 19&

From
ý

a theoreticalpoint of view, low-temperatureatom
interferometrywould provide perhapsthe most interesting
information.
+

The quantumphasefunction ' Q is
+

quite sensi-
tive
$

to thedetailsof themolecularpotential,andits variation
is relatedto the numberof boundstatesof zeroangularmo-
mentumcontainedin the potential. If the effect of thermal
averaging� can be minimized, then ( Q can% be resolvedand
analyzed.� By calculating the forward-scatteringamplitude
withS andwithout thelong-rangepotentialtail, andcomparing
to
$

index of refraction measurements,we can determine
whichS partof themolecularpotentialis mostuncertain.With
accurate� short-rangeinformation,suchas the Morseparam-
eters- usedin the presentwork, andadditionalatominterfer-
ometry� measurements,it would be possibleto refinethe po-
tential
$

at intermediateto largedistances.
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