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We presenta theoreticalstudy of the index of refraction of argonfor the propagationof sodium matter
waves.The sensitivityof theindexof refractionto the detailsof the molecularpotentialcurveis analyzedOur
calculationsrevealvelocity-dependenbscillationsin the index of refractionthat may be detectableparticu-
larly at low temperaturesn atominterferometrymeasurements\ procedurefor refining molecularpotential

curvesis outlined.[$1050-294@7)50305-3
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Recently,atom interferometry[1] has beensuccessfully
applied to measuringthe complex index of refraction for
sodium matter waves passingthrough a noble-gasmedium
[2,3]. With the applicationof multiple-scatteringheory[4,5]
theseexperimentgrovidethe capabilityfor directly measur-
ing the averageforward-scatteringamplitude of an atomic
collision. It hasbeensuggested5,6] that this feature pro-
videsthe possibility for refining molecularpotentialcurves.
The motivation for the presentwork is to provide a bridge
betweenthe molecularpotentialcurvesobtainedfrom exist-
ing spectroscopidataand the index of refractionmeasure-
mentsobtainedfrom presentand future atominterferometry
experiments.

Forthelight noblegaseHe andNe, it wasshown[5] that
the index of refractionis sensitiveto the “glory” contribu-
tion to the forward-scatteringamplitudethat arisesfrom un-
deflectedclassicaltrajectories.A connectionwas madebe-
tween short-rangepotential parametersand the index of
refractionmeasurements:or heaviersystemssuchasAr, the
glory contribution has also beenpredictedto be important
[6]. However,the argumentn [3] thatthe measurementare
mostsensitiveto the long-rangepart of the molecularpoten-
tial appliesto heavysystemspossessingnany boundstates.
Therefore the connectionbetweenpotentialparametersand
the interpretationof atominterferometrymeasurementsiay
be differentfor heavysystemghanfor light systemsin the
presentwork, we investigatethis connectionfor the caseof
sodiumatomspassingthroughargon.

For the atominterferometrymeasuremen{s], it hasbeen
established3,5,6| that the noble gas can be treatedas an
effective mediumwith a complexindex of refraction

n(ky)=1+
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whereN is the numberdensityof the mediumandk, is the
momentum of the beam in the laboratory frame. The
forward-scatteringamplitude f(k,0) is calculatedin the
center-of-masframefor two particleswith relative momen-
tum k. Atomic units areassumedinlessotherwiseindicated.
The notation(- - -) in Eq. (1) refersto a statisticalaverage
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with respectto all microscopicparameterf the medium.
Following [5], we averagewith respectto the momentum
distribution
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wherey is thereducedmassmrmp /(M1 + mp) with mp and
my the respectivemasse®f the projectile andtargetatoms,
E=k?/2m, is the kinetic energyof the projectile atom, and
B is the inverseof the Boltzmannconstanttimes the tem-
perature.The statistical proceduregiven aboveis different
from the one usedby Vigue and co-workers[6] in that a
distinction is made betweenthe laboratory momentumk,

and the relative momentumk. This differencemay become
significantfor applicationswherethe distribution of projec-
tile velocitiesis wide comparecdto the spreadin targetve-

locities, or whenthe projectilevelocity is muchsmallerthan
the averagerelative velocity of collision, i.e., ky <\ u/B. In

the experimentof Schmiedmayeet al. [3], the sodiummat-
terwavehasa velocity width thatis only afew percentof the
peakk, . Therelativevelocity distributionis muchwider, so
we canneglectthe averageover projectilevelocities,andthe
difference betweenthe distributionsusedin [5] and [6] is

negligible.

The forward-scatteringamplitudeis calculatedfrom the
molecularpotential V(r) betweenthe sodiumand argonat-
oms. The potentialscatteringcalculationsare performedus-
ing both the standardquantumpartial-wavetheory and the
semiclassicakikonal approximation.In the quantumcalcu-
lation, the scatteringamplitudeis obtainedfrom the expan-
sion

my
1+ —
mp

+E

1 o0
fk,0)= ﬂyzzo (2I+1)[exp2i ;) —1]P,(cosd), (3)

where s is the numericallycomputedphaseshift and 6 is the
center-of-masscatteringangle. In the eikonal approxima-
tion, the scatteringamplitudeis given by
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F(k,0)= —i‘kf:{exr[Zi'n(b)]—l}b db, (4)

whereb is the classicalimpact parameterand #(b) is the
correspondingphaseshift function

“+ oo

1
n(b)== 4| U(bz)dz, (5)

with
U(b,z)=2uV(Vb*+2%). (6)

TheNaAr potentialcanberepresenteéh termsof ashort-
rangepart Vg andlong-rangepartV_,

VS(P)! F<Pm
V —
(r) Vi(r), r>rp ™
where
Vg(r)=D e 2 T —2e 2 T+ A,  (8)

Vi(r)=—CeQs(b;r)— Cggs(b;r)— C1@10(b;r). (9

The parametera, D,, andr, arethe standardVorsepoten-
tial parametersandr,, is a matchingradius. The constant
A is a small offset, similar to the one usedby Vigue and
co-workers[6], that canbe usedtogetherwith the functions
g,(b;r) to smooththe connectionbetweenthe short- and
long-rangepotentials.With the definitions

v(n,br)

gn(b;r)=m, (10
n—1
br)™
y(n,br)=(n—1)!| 1—exp(—br) >, (br) , (11
m=0 m!
we obtainasr— «, the van der Waalsexpansion
CG CS ClO
Vi(h)~—<5~ 18~ 10 (12

To determinethe parameterdor our short-rangeMorse
potential, we usedthe measurementsf Smalleyet al. [7]
andPritchard[8]. Thelong-rangevan der Waalscoefficients
aretakenfrom [9]. We requirethe potentialandits derivative
to be continuousat the matchingpoint r,,. The valuesof
A, r,, andb are obtainedby a least-square§t to this re-
quirement.Our procedureoffers a slight improvementover
the approachusedby Vigue and co-workers[6], which does
not constrainthe potential derivative to be continuousat
rm- The potentialparametersregivenin Tablel. Figurel
showslogarithmic and linear plots of the interactionpoten-
tial with andwithout the long-rangetail.

We havecalculatedthe ratio of the real to the imaginary
part of the forward-scatteringamplitude in the center-of-
massframefor the NaAr potential

R f(k,0)]

RO = T k01

13

FORREY, YOU, KHARCHENKO, AND DALGARNO 55

TABLE I. Potentialparameters.

Parameter Value Units
a 0.4988956 a.u.
b 1.26826 a.u.
D, 45.43 cm !
A -0.325 cmt
fo 4.991 A

F'm 10.2672 A

Cs 190 a.u.
Cg 12700 a.u.
Co 820000 a.u.

In Fig. 2, we comparethe quantumcalculationwith the ei-
konal calculation. The agreemenbetweenthe two calcula-
tionsis very goodfor k>25. Severatthousandartial waves
are requiredfor the quantumcalculationto convergewhen
k>25, so we usethe eikonalapproximationfor largevalues
of k.

Oscillatory structureappearsn both the quantumand ei-
konal calculations.The narrow structuresthat occurin the
quantumcalculationat low valuesof k areshaperesonances.
The eikonalcalculationoscillatesnearthe value0.72,which
is what is obtainedwhen only the long-rangepotential is
used[3]. The phaseof the eikonal oscillation is given by
(10,17

37
¢E=2[ () - ?} a4

wherethe “glory” impact parameteiby is evaluatedfrom
the condition

107 %L ! !
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FIG. 1. The absolutevalue of the NaAr interactionpotentials.
Thesolid curveis for the Morsepotentialconnectedo along-range
vanderWaalsexpansionThe dashecturveis for the Morse poten-
tial. The inset showsthe potentialson a linear scale;thereis no
discernibledifferencebetweenthe two curves.
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FIG. 2. Theratio R(k) versusl/k. The solid curveis the quan-
tum calculationandthe dashedcurveis the eikonal calculation.
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The glory impact parameterchangeswith energy,so it is
possibleto definea trajectoryby=bg(k) that describesthe
evolutionof ¢ with k. A quantumphasefunction ¢4 can
be similarly definedto be the largests, for a givenk. The
eikonal calculationsdemonstrateghat ¢g is proportionalto
1/k, while the quantumcalculationsshowthat ¢o=< ¢¢ with
strong deviationsfrom the 1/k proportionality when k is
small.

In orderto studythe importanceof the long-rangepart of
the potential,we performedcalculationsusingthe Morsepo-
tentialwith andwithout the van der Waalscontribution.Fig-
ure 3 comparesthe two calculationsof R(k) over a wide
rangeof energiesFor k>1 a.u.the phase¢g, is nearly the
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FIG. 3. The ratio R(k) versusk. The solid curve is for the
Morse potential connectedto a long-rangevan der Waals expan-
sion. The dashedcurveis for the Morse potential.
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FIG. 4. TheNaAr relativemomentumdistributionfunction. The
four plots correspondo sodium projectile velocities of 1000 and
2000m/s, and argongastemperaturesf 77 and 300 K.

samefor both calculations,which suggestghat long range

scatteringregulateghe amplitude,andglory scatteringegu-

latesthe phaseof R(k) whenk is sufficiently large.
The total variation of the quantumphaseis

A po= bglk=0— Polk=-=27n, (16)

wheren is the numberof rotationlesshoundstatesthat are

supportedby the molecularpotential[10,11. For a Morse

potential,the numberof boundstatesis known analytically
[12],

n=Int +1. (17)

1 1
V2uDe— >

a

For the Morse potential in Fig. 1, there are sevenbound
states,and for the full NaAr potential of Fig. 1, thereare
eight. Countingthe numberof coarseoscillationsin Fig. 3
yieldsthe correctnumberof boundstatesfor both potentials.
The k— 0 limiting behaviorof the ratio of the realto the
imaginary part of the scatteringamplitude can be usedto
determinethe parameter®f the effective rangeexpansion

1
R(k)~ = (agk) "+ S rek, (18

whereag is the scatteringengthandr, is the effectiverange
of the potential. For the full NaAr potential of Fig. 1, the
valuesof ag and r, are 170 and 20 a.u., respectively.The
accuracyof theseestimatesis very sensitiveto the long-
rangetail of the potential. Therefore,atom interferometry
couldpotentiallyplay animportantrole in determiningbetter
effectiverangeparameters.

Thermalaveragings neededo gettheratio of therealto
theimaginarypartof the forward-scattering@amplitudein the
laboratoryframewherethe effectivemediumis defined.Fig-
ure 4 is a plot of the distribution function (2) for sodium
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FIG. 5. The thermallyaveragedatio R asa function of projec-
tile velocity for argongastemperaturesf 77 and300K. Theupper
curvesarefor the Morse potentialconnectedo the long-rangevan
derWaalsexpansionThelower curvesarefor the Morsepotential.
Also shownis the measuremendf Schmiedmayeet al. (Ref. [3]).

projectilevelocitiesv andargongastemperatured thatare
being consideredin future experiments[8]. The spreadis
widestfor high temperatures.

Figure5 showsthevelocity dependencef theratio of the
realto theimaginarypartof the forward-scatteringgmplitude
in the laboratory frame for T=300 K and T=77 K. For
T=300K, thethermalaveragingtendsto suppresshe glory
oscillations when convertedto the laboratory frame. At
T=77K, theglory oscillationsbecomemore prominent.For
both temperatureshe shaperesonancestructuretendsto be
washedout by thermalaveragingAlso shownin Fig. 5 isthe
T=300 K measuremenbf Schmiedmayeret al. [3]. The
agreemenbetweentheory and experimentis within experi-
mentaluncertainty.

An interpretationpresentedn [3] indicatesthat index of
refractionmeasurementare mostsensitiveto the long-range
partof theinteratomicpotential.For the light noblegasee
andNe, it wasshown[5] that the index of refractionis sen-
sitive to the “glory” contributionto the forward-scattering
amplitude.A connectionwas madebetweenshort-rangepo-
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tential parameterssuchasthe position and depthof the po-
tentialwell, andthe index of refractionmeasurements$n the
presentwork, we havepresented generalapproachthatcan
be usedto interpretthe index of refractionmeasurement®or
a variety of experimentakonditions.The long-rangecontri-
bution is largerfor Ar thanfor He and Ne, and effectively
determines the index of refraction [3]. Nevertheless,
velocity-dependenglory oscillationsshould still be detect-
ablein the index of refractionmeasurementgarticularly at
low temperaturesvhere the effect of thermal averagingis
reduced.

Vigue [6] has noted that atom interferometrymeasure-
mentsmay provide the capability for determiningthe mag-
nitude and sign of the scatteringlengthfor an ultracold gas.
For such systems the relative velocity of collision is very
nearly equal to the laboratory velocity, and the scattering
lengthag canbe approximateddy

o L minGky)]
A k. Ren(k)— 1]’

From a theoreticalpoint of view, low-temperatureatom
interferometrywould provide perhapsthe most interesting
information. The quantumphasefunction ¢ is quite sensi-
tive to the detailsof the molecularpotential,andits variation
is relatedto the numberof boundstatesof zeroangularmo-
mentumcontainedin the potential.If the effect of thermal
averagingcan be minimized, then ¢4 can be resolvedand
analyzed.By calculating the forward-scatteringamplitude
with andwithout thelong-rangepotentialtail, andcomparing
to index of refraction measurementswe can determine
which partof the molecularpotentialis mostuncertain With
accurateshort-ranganformation, suchas the Morse param-
etersusedin the presentwork, and additionalatominterfer-
ometry measurementst would be possibleto refine the po-
tential at intermediateto large distances.
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