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We presenta theoreticalstudy of the index of refraction of the light noble gasesHe and Ne for the
propagationof sodium matter waves.Our approachis basedon the well known multiple scatteringtheory
insidea medium,which leadsto an approximationfor the index of refractionthat dependonly on the single
forward scatteringamplitudeandthe densitydistributionfunctionsfor the atomsof the medium.The forward
scatteringamplitude betweena sodium atom and a noble gas atom is calculatedfrom molecularpotential
curvesusingthe eikonalapproximation An explicit phasespaceaveragds performedoverthe noblegasatom
distribution in the medium.Our resultsshow very good agreementith the recentinterferometrymeasure-
mentsof Schmiedmayeet al. [Phys.Rev. Lett. 74, 1043(1995]. Our calculationsprovideaninterpretationof
the experimentablata,and may shedsomelight on possibilitiesfor obtainingimprovedinteratomicpotentials
throughatomicinterferometrymeasurement$S1050-2947@6)04709-9

PACSnumbets): 03.75.Dg,03.65.Bz,07.60.Ly

I. INTRODUCTION

Overthe pastdecadesignificantprogressn atomicinter-
ferometryresearcthasbeenmade[1]. With its potentialfor
unprecedentedccuracy many believenew fundamentakx-
perimentswill soonbe performed.In a recentexperiment,
Schmiedmayeet al. [2] havemeasuredhe index of refrac-
tion of the noble gasesfor sodiumatom matterwaveswith
the MIT interferometer{3], thus openinga new chapterin
the applicationof atominterferometergo atomicphysics.

In the experimen{2], a sodiummatterwave was coher-
ently split into two partswith a mechanicafrating. The two
partswerethenallowedto propagatealong physically sepa-
rate pathsbeforebeing coherentlyrecombinedor the inter-
ferencemeasurementSincethe separatiorof the two paths
of the atomwas large enoughto neglectthe overlapof the
wave packets,jt waspossiblefor the arm of one pathto be
filled with a targetgas. Thus, the final interferencefringes
allow a measurementf the additionalphaseshift to the so-
dium matterwaveintroducedby the noble gasmedium.For
technicalreasonsthe experimentwas most sensitiveto the
ratio of the realto the imaginarypart of the forward scatter-
ing amplitude[2]. The measurementsan neverthelesde
usedto determinethe effective complexindex of refraction
of the targetgasesandwith the applicationof the multiple
scatteringtheory, they provide the first experimentcapable
of directly measuringthe forward scatteringamplitude for
sodiumpassingthroughthe noble gases.

An interpretatiorbasedon empiricalmodelpotentialswas
presentedn [2], which seemsto indicatethat the measure-
mentsarevery sensitiveto the shapeof the long-rangenter-
atomicpotential.In this paper,we presenta theoreticalstudy
of theindex of refractionof thelight noblegasedHe andNe
for the propagatiorof sodiummatterwavesthat providesan
interpretationthat differs from the one presentedn [2]. Our
approachis basedon the well known multiple scattering
theoryinsidea medium[4]. Thetheorygivesan approxima-
tion for the index of refraction that dependsonly on the
single forward scatteringamplitudeand density distribution
functionsfor the atomsof the medium.We usethe eikonal
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approximation5] to calculatethe forward scatteringampli-
tude betweenthe sodiumatomanda single noble gasatom,
and then perform an explicit averageover the phasespace
distribution of the noble gasatomsinside the medium.We
find thatfor thelight targetgasesthe measurementaremost
sensitive to the shorter-range*glory” contribution that
ariseswhen the scatteringphaseshift hasa maximumas a
function of impact parameter.Normally, this maximum
phaseshift will havea magnitudethat is severaltimes the
valueof 7, andthe glory contributioncanbe estimatedising
a stationaryphaseapproximation For the light targetgases,
however,we find that the maximum phaseshift is small
comparedto 7 and the stationary phase approximation
breaksdown. Whenthe glory contributionis computednu-
merically, we find that its magnitudeis roughly threetimes
that of the long-rangecontribution. Therefore,we believe
that the interferometrymeasurementsare actually probing
the short-to intermediate-rangpartof the potentialfor these
systems.Sinceit is in this region where existing molecular
potentialsaremostuncertain this interpretatiorpointsto the
possibility of obtaining improved interatomic potentials
throughuseof atomicinterferometrymeasurements.

The paperis organizedasfollows: In Sec.ll, we formu-
late the theoreticaldescriptionof the problemin termsof the
multiple scatteringheory.Sectionlll is devotedto a detailed
study of the potentialscatteringbetweena sodiumatomand
a noblegasatom. We also give the detailsof the molecular
potentialsthat wereused.In Sec.1V, theresultsof the scat-
tering calculationsare presentecaind analyzed We conclude
with a discussionon the possibility of obtainingmolecular
potentialinformation from the index of refractionmeasure-
ments.

I1. FORMULATION

Accordingto the multiple scatteringheory[4], the propa-
gationof the sodiummatterwaveinsidea noblegasmedium
canbe characterizedy the following coupledequationsfor
the microscopicfield ¥ (r):
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()= T+ > G(r—1,)fiu(r),

¢<Fi>=e‘k1'f'f+; G(r;—r)f(Fy), (1)

whereet'" is the incidentplanewave,and w(ﬁ) describes
the local field at the site Fi wherethe ith noble gasatomis
located. G(r— ﬂ) is the retarded Green’'s function
e'kl"=rilf|r—r,|, which describesthe propagationof the
scatteredwave in the region betweenthe noble gas atoms,
while f; is the scatteringamplitude.We have assumedhe
gasto be dilute so that most of the regionsbetweentarget
atomsarein the asymptoticfar field regionof multiple scat-
terings. As far as the coherentpropagatingfield inside the
medium is concernedwe have to derive the macroscopic

field (W(r))m, Wherethe average(- - - ),, denotesa coarse
grainingprocessUnderthe conditionfor the experimen{2],
the linear density of the noble gas atoms is about
~10%/cm, and the typical interactionlength is about ~10
cm. The propagatioris, therefore statisticalandwe canuse
the optical potential to treat the noble gas as an effective
mediumwith a complexindex of refractionn(k;) [4,6]. The
solutioninside the mediumcanthen be written in the form

(¥ (F))p~e"™ " where

27N < f(k,0) >

ﬂ(kL):1+k—L K

2
whereN is the numberdensityof the mediumandk, is the
momentunof the beamin thelaboratoryframe.Theforward
scatteringamplitude f(k,0) is calculatedin the center of
massframefor two particleswith relativemomentunk. The
average(- - -) in (2) refersto a statisticalaveragewith re-
spectto all microscopicparametersf the medium.lIt is con-
venientto averagewith respectto the momentumdistribu-
tion using

FO)\ 1 (=
(222 rwoptdk ®

where

k2
f p(k)d(ﬂ) =1, 4)

and u is the reducedmassmmp /(m;+mp) with mp and
m+ the respectivemasse®f the projectile andtargetatoms.
The distributionfunction is given by

-7 )2 2 . R
pth= [ o HEE - (i

~ [ B R_}(,BmTk /ZE)
= (my+ mp) ﬂ_mePEmln m mTp

Xexp, — {k—z @) (5)
’82,u my) ||

where E=mypv2/2=Kk?/2my, is the kinetic energyof the so-

P
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dium atom.We haveassumedhat the mediumof noblegas
to be Maxwellian with the distribution of a uniform spatial
densityN,

el
Fu(vr)= exp<—§,3mTvT), (6)

2m

whereJT is thetargetvelocity, and 8= 1/(kgT), with kg the
BoltzmannconstantandT the temperaturef the noblegas.

In the experimentthe sodiummatterwave hasa velocity
width which is only a few percentof the peakk; . Sincethe
relative velocity distribution p(k) is much wider than this
width, we canneglectthe averageoverthe projectilevelocity
distribution.

I11. POTENTIAL SCATTERING

The forward scatteringamplitudeis to be calculatedfrom
molecularpotentialcurvesbetweerthe sodiumandthe noble
gasatoms.We havecomparedur potentialscatteringcalcu-
lations using standardquantum partial wave theory with
thoseusingthe semiclassicaimpactparametetreatmentand
found agreemento within a few percent.Therefore we will
presenbonly the semiclassicatheorysinceit is bettersuited
for our purposeof interpretingthe physicalcontributionsto
the scatteringamplitude.In the eikonal approximation,the
scatteringamplitudeis given by

F(k,0= —ik f:{exqzin(b)]— 1}bdb, )

whereb is the classicalimpact parameterand »(b) is the

correspondingphaseshift. The scatteringamplitude(7) can
be divided into two contributions.The first contributionis

dueto the long-rangepart of the potentialwherethe phase
shift is small. The approximatiorexd 2i »(b) ] — 1~2i7(b) can
thereforebe usedandthe contributionis given by

)

£a(k0) =2 | (b)bel, ®)

b

wherethe impact parameteth, is large enoughso that the

phaseshift in (7) is dueto the long-rangepart of the poten-

tial. The subscript“d” is often usedin (8) to designate
diffraction scatteringfrom the tail of the potential[7]. For

the long-rangeinteractionpotential

Cs
V(V)Z—F, 9)

the phaseshift is [7]

k
ﬂ(b):Cst( 2Eb51)’ (10)
where
., ~Tls-1)2)
Fs= 2NT T ei2) (1D

The long-rangecontributionto the scatteringamplitudeis
found to be
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2

Fa(k,00=2kn(b,) : 12

r
s—3
The secondcontributionto the scatteringamplitude comes
from the forward glory scatteringandis given by

Fo(k,0)=—ik f Obl{exp: 2ip(b)]-1lbdb. (13

The term involving —1 is usually integratedand combined
with f4 sinceit hasthe sameb, dependencavhen 7(b,) is
setequalto a constant.The remainingintegral

b

Fq(k,0)= —ikJ’ lex;:1:2'i77(b)]bdb (14
0

is conventionallycalculatedby extendingthe limits of inte-

grationto * o andusing a stationaryphaseapproximation.

Theresultis [7]

Fo(k,0)= —ikbyexi 2i n(bg) —im/a] \| =, (19

whereb is theimpactparametewhenthe phaseshift hasa
maximum,and

_d’y
T db?

o

(16)

b=b,

The phaseshift 7(b;) in (12) is usuallysetequalto a small
constanttimes 7 [7], so that the long-rangecontributionto
the scatteringamplitudeis linear in k and quadraticin the
impactparameteb;. Sincethe glory contributionis linearin
k andb,, it would appeatthatit shouldbe dominatedby the
long-rangecontribution. In the presentstudy, however,the
condition

| 7(bg) = 7(by1)|>1 17

for the stationaryphaseapproximationto be valid breaks
down. Therefore we mustuseEqg. (14) directly. This canbe
donethroughuseof the eikonalapproximationfor the phase
shift

1 [+=
7(b)=— ¢ B U(b,z)dz, (18)

where
U(b,z)=2uV(\b%>+7?). (19

Numerical calculationsof (14) revealthat the glory contri-
butionis typically threetimeslargerthanthelong-rangecon-
tribution (12).

Further evidencefor the importanceof glory scattering
comesfrom the molecularpotentialsthemselvesThe long-
rangedispersionenergycan generallybe found very accu-
rately. Its contributionV| (r) to the potentialis given by the
larger van der Waalsexpansion

CG C8 ClO

Vin)~——%—-——=%—~-10-

r r r (20)
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The short-rangeepulsivepart of the potentialis mainly due
to exchangeand electrostatidorces,andis usually approxi-
matedby the small+ Born-Mayerpotential

Vg(F)~A exp —ar). (21
Therefore, probablythe mostuncertainpart of the potential
is nearthe minimum. The glory impactparameteb is typi-
cally foundto belocatednearthe positionof this minimum.
In the next section,we will discussthe sensitivity of the
forward scatteringamplitudeto the uncertaintyin the mo-
lecular potentialin the intermediaterangewhere the mini-
mum occurs.

The actualpotentialswere obtainedsemiempiricallyfrom
the calculationsof Bottcher,Dalgarno,and Wright [8] using
the functionalform

V(F)=Vg(r) +Vy(r). (22
In orderto avoidthesmall+ divergenceof thevanderWaals
expansion(20), weu se

Vi (r)=—Cegs(a;r)—Cggg(a;r)—Ci@10a;r), (23

where

y(n,ar)

gn(a;r)= =D (24)

is relatedto the universal damping function of Tang and
Toennieq10]. Theincompletegammafunction y(n,ar), de-
fined by

(ar)™
m!

n—1
v(n,ar)=(n—1)! 1—exr{—ar)20 , (25

regularizegthe short-rangebehaviorof the attractivepart of
the potential,while allowing for an exactlong-rangevander
WaalsexpansionFor the short-rangepotential,we use

Vg(r)=>, AT (n,ar). (26)

The complementaryncompletegammafunctionI'(n,ar) is
usedto provideshort-rangeexpansionshataremoreflexible
thanthe Born-Mayerrepulsivepotential(21). The potentials
(26) are analytically equivalentto the Born-Mayerpotential
multiplied by a polynomialin r.

To determinethe parameters$or our potentials we useda
least squaresfit to the calculateddata[8]. The long-range
van der Waalscoefficientsaretakenfrom [11] andshownin
Table I, while the optimized short-rangeparametersare
shownin Tablell. For helium,two differentshort-rangepo-
tentials were used, each having a root-mean-squarérms)
deviation from the dataon the order of 10 > (the fits are

TABLE I. List of the long-rangecoefficents(from Ref. [11].

CG C8 c;:I.O
He 24.7 1320 87000
Ne 48.0 2900 190000
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TABLE II. List of the short-rangeparameters.

a A, A, A, A,
He® 1.2944 55111 -2.1446 0.2807 0.0000
He® 1.4725 2.2630 1.7760 -0.6261  0.0701
Ne 15800 5.3874 6.5796 -1.6062  0.1603

denotedby He®® and He(® in Tablel). In general,for a

given rms deviationfrom the data, a fit which includesA,

will providea slightly deepemell thanonewhich constrains
A, to be zero. For both of the helium fits, the nonlinear
parametera was determinedby the criterion that the rms

deviationfrom the databe minimized. For neon,the choice
of a wasdetermineddy the requirementhatthe fitted poten-
tial give a dissociationenergythat is closestto the spectro-
scopicallyknownvalue[9] of5c m 1. Our bestfit for neon
gavea dissociationenergyof 4.58cm™ . We alsousedpo-

tentials provided by Peach[12]. These potentialscontain
enoughpointsthat we were able to use cubic splinesto in-

terpolatethe data. The potentialobtainedfrom the spline fit

for neongivesa dissociationenergyof 4.9 cm™?. Figuresl

and 2 show the respectiveNaHe and NaNe interactionpo-

tentialsin the vicinity of the well.

IV. RESULTS

In Fig. 3, we showthe distributionfunctionsp(k) of the
relative momentumfor collisions in the center of mass
frame.For boththe helium andneontargetgasesthe spread
is wide enoughthat the velocity distribution of the sodium
projectile canbe neglected.

Figure 4 showsthe ratio R of the real to the imaginary
partof theforward scatteringamplitudefor heliumasafunc-
tion of the sodium projectile velocity. R is shownfor two
nonlinearleastsquaredits to the theoreticalpotentialdataof
Bottcher,Dalgarno,and Wright [8], for a cubic splinefit to
the theoreticalpotentialdataof Peachand co-workers[12],
and for the experimentalmeasurement®f Schmiedmayer
et al. [2]. The only noticeabledifference betweenthe two

1.0]
0.6}
0.2}

-0.2F

v(r) (107 a.u.)

—0.6f: o0 ]

—-1.0L | I L]
10 12 14 16 18 20
r (a.u.)

FIG. 1. The interaction potentialsfor NaHe. The solid and
dashedcurvesare for the nonlinearleast squaresfits denotedby
He® andHe® in Tablell. Thedottedcurveis for the cubicspline
fit to the data[12].
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FIG. 2. The interactionpotentialsfor NaNe. The solid curveis
for thelinearleastsquaredit in Tablell. Thedottedcurveis for the
cubic splinefit to the data[12].

nonlinearfits (seeHe andHe(? in Tablell) is thesizeand
location of the potential minimum. The sensitivity of the

scatteringamplitudeto smallchangesn the potentialwell is

clearly very large.A smallincreasein the depthof the well

causes large increasein the value of R. The experimental
dataappearto lie in betweenthe calculationsusing the two

nonlinearpotential fits. The agreemenbetweenthe experi-
mentaldataandthe calculationof R usingthe potentialdata
[12] is not asgood. The structurethat appearsn the experi-
mentaldatais not reproducedn any of the theoreticalcal-

culations, indicating the need for further investigations.
However, consideringthe difficulty of the experimentsthe
level of agreements encouraging.

For neon, the resultsare given in Fig. 5. The potentials
obtainedfrom the least squaresfit (see Table Il) and the
cubic splinefit to the data[12] both give a dissociationen-
ergy thatis closeto the measuredzalue[9] of5c m 1. The
agreemenbetweentheoryandexperimentfor neonis excel-
lent, exceptfor velocitieslessthan800 m/swherethe experi-
mentaluncertaintiesare large (seeFig. 5).

We have studiedtheoreticallythe index of refraction of

400 [ ' I
300

200}

p(k)

100

A e e
0 5 10 15 20
k (a.u.)

FIG. 3. The distribution of the relative momentumfor the col-
lisionsin the centerof massframe. The projectile velocity is 1000
m/s andthe temperaturef the gasis 300 K. The solid curveis for
He andthe dottedcurveis for Ne.
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FIG. 4. Theratio of therealto theimaginarypartof the forward
scatteringamplitudefor He. The solid anddashedturvesarefor the
nonlinearleastsquaredits denotecby Het andHe(® in Tablell.
The dottedcurveis for the cubic splinefit to the data[12], andthe
pointswith error barsarefor the experimentadata[2].

thenoblegasedHe andNe for the propagatiorof the sodium
matterwaves.We find that our numericalcalculationsagree
well with the datafrom the interferometerexperiment[2].
Our calculationgprovideaninterpretatiorfor the experimen-
tal data,andmay be usefulin selectingthe bestinteratomic
potentials.For example,the atom interferometrymeasure-
mentsshownin Fig. 4 indicatethatthe exactNaHepotential
probablylies betweenthe solid and dashedcurvesshownin
Fig. 1. In contrastto the interpretationpresentedn [2], we
havearguedthat the two-body forward scatteringamplitude
is dominatedby the so-called‘glory” contribution.Because
of theimportantrole playedby the glory scatteringthe mea-
suredratio of the real to the imaginary part of the forward
scatteringamplitude is very sensitiveto the intermediate-
rangeof the molecularpotentialcurves.With accuratdong-
rangecoefficientsCg, Cg, andC,y, andshort-rangenforma-
tion aboutthe repulsivewall, it shouldbe possibleto infer
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130 ' '
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1.00f

Re[(0)]/1m[f(0)]
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FIG. 5. Theratio of therealto theimaginarypartof theforward
scatteringamplitudefor Ne. The solid curveis for the linear least
squaredit in Tablell. The dottedcurveis for the cubic splinefit to
thedata[ 12], andthe pointswith errorbarsarefor the experimental
data[2].

from the measuredatio the correctintermediate-rang@o-
tential parameterssuchasthe potentialwell depth.
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