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We
�

presenta theoreticalstudy of the index of refraction of the light noble gasesHe and Ne for the
propagation� of sodiummatterwaves.Our approachis basedon the well known multiple scatteringtheory
insidea medium,which leadsto an approximationfor the index of refractionthat dependsonly on the single
forward
�

scatteringamplitudeandthe densitydistributionfunctionsfor the atomsof the medium.The forward
scattering� amplitudebetweena sodium atom and a noble gas atom is calculatedfrom molecularpotential
curves� usingtheeikonalapproximation.An explicit phasespaceaverageis performedover thenoblegasatom
distribution
	

in the medium.Our resultsshow very good agreementwith the recentinterferometrymeasure-
ments
 of Schmiedmayeret al. � Phys.

�
Rev.Lett. 74


,� 1043 � 1995��� .� Our calculationsprovideaninterpretationof

the
�

experimentaldata,andmay shedsomelight on possibilitiesfor obtainingimprovedinteratomicpotentials
through
�

atomic interferometrymeasurements.� S1050-2947
� �

96
���

04709-9
� �

PACSnumber� s��� : 03.75.Dg,03.65.Bz,07.60.Ly

I.
 

INTRODUCTION

Over
!

the pastdecadesignificantprogressin atomicinter-
ferometry
"

researchhasbeenmade # 1$ . With its potentialfor
unprecedented% accuracy,manybelievenew fundamentalex-
periments& will soon be performed.In a recentexperiment,
Schmiedmayer
'

et( al. ) 2*,+ have
-

measuredthe index of refrac-
tion
.

of the noble gasesfor sodiumatom matterwaveswith
the
.

MIT interferometer/ 30,1 ,2 thus openinga new chapterin
the
.

applicationof atominterferometersto atomicphysics.
In
3

the experiment4 2*,5 ,2 a sodiummatterwavewas coher-
ently6 split into two partswith a mechanicalgrating.The two
parts& werethenallowedto propagatealongphysicallysepa-
ratepathsbeforebeingcoherentlyrecombinedfor the inter-
ference
"

measurement.Sincethe separationof the two paths
of7 the atom was large enoughto neglectthe overlapof the
wave8 packets,it waspossiblefor the arm of onepath to be
filled with a targetgas.Thus, the final interferencefringes
allow9 a measurementof the additionalphaseshift to the so-
dium
:

matterwaveintroducedby the noblegasmedium.For
technical
.

reasons,the experimentwas most sensitiveto the
ratio of the real to the imaginarypart of the forward scatter-
ing
;

amplitude < 2*,= . The measurementscan neverthelessbe
used% to determinethe effectivecomplexindex of refraction
of7 the targetgases,andwith the applicationof the multiple
scattering> theory, they provide the first experimentcapable
of7 directly measuringthe forward scatteringamplitudefor
sodium> passingthroughthe noblegases.

An interpretationbasedon empiricalmodelpotentialswas
presented& in ? 2@ ,2 which seemsto indicatethat the measure-
mentsA arevery sensitiveto theshapeof the long-rangeinter-
atomic9 potential.In this paper,we presenta theoreticalstudy
of7 the indexof refractionof the light noblegasesHe andNe
for thepropagationof sodiummatterwavesthatprovidesan
interpretation
;

that differs from the onepresentedin B 2*,C . Our
approach9 is basedon the well known multiple scattering
theory
.

insidea medium D 4E . The theorygivesanapproxima-
tion
.

for the index of refraction that dependsonly on the
single> forward scatteringamplitudeand densitydistribution
functions
"

for the atomsof the medium.We usethe eikonal

approximation9 F 5G,H to
.

calculatethe forward scatteringampli-
tude
.

betweenthe sodiumatomanda singlenoblegasatom,
and9 then perform an explicit averageover the phasespace
distribution
:

of the noble gasatomsinside the medium.We
find thatfor thelight targetgases,themeasurementsaremost
sensitive> to the shorter-range‘‘glory’’ contribution that
arises9 when the scatteringphaseshift hasa maximumas a
function
"

of impact parameter.Normally, this maximum
phase& shift will havea magnitudethat is severaltimes the
valueI of J ,2 andtheglory contributioncanbeestimatedusing
a9 stationaryphaseapproximation.For the light targetgases,
however,we find that the maximum phaseshift is small
comparedK to L and9 the stationary phase approximation
breaks
M

down. When the glory contributionis computednu-
merically, we find that its magnitudeis roughly threetimes
that
.

of the long-rangecontribution. Therefore,we believe
that
.

the interferometrymeasurementsare actually probing
the
.

short-to intermediate-rangepartof thepotentialfor these
systems.> Sinceit is in this region whereexisting molecular
potentials& aremostuncertain,this interpretationpointsto the
possibility& of obtaining improved interatomic potentials
through
.

useof atomic interferometrymeasurements.
The paperis organizedas follows: In Sec.II, we formu-

late
N

the theoreticaldescriptionof theproblemin termsof the
multipleA scatteringtheory.SectionIII is devotedto a detailed
study> of the potentialscatteringbetweena sodiumatomand
a9 noblegasatom.We alsogive the detailsof the molecular
potentials& that wereused.In Sec.IV, the resultsof the scat-
tering
.

calculationsarepresentedandanalyzed.We conclude
with8 a discussionon the possibility of obtainingmolecular
potential& information from the index of refractionmeasure-
ments.A

II. FORMULATION

According
O

to themultiple scatteringtheory P 4Q,R ,2 thepropa-
gationS of thesodiummatterwaveinsidea noblegasmedium
canK be characterizedby the following coupledequationsfor
the
.

microscopicfield T (
U
rV ):W
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where8 e( ik� L��� rk � is
;

the incidentplanewave,and   (
U
r� ¡ i)
W

describes
the
.

local field at the site r� ¢ i where8 the i
£
th
.

noblegasatomis
located. G

q
(
U
r¤v¥ r¦ i)

W
is the retarded Green’s function

e( ikL
��§ rk ¨n© rk ª i��« /¬® r̄v° r± i ² ,2 which describesthe propagationof the

scattered> wave in the region betweenthe noble gasatoms,
while8 f

y
j
� is
;

the scatteringamplitude.We haveassumedthe
gasS to be dilute so that most of the regionsbetweentarget
atoms9 arein the asymptoticfar field regionof multiple scat-
terings.
.

As far as the coherentpropagatingfield inside the
mediumA is concerned,we have to derive the macroscopic
field
³ ´vµ

(
U
r� ¶ )W¸· m¹ ,2 wherethe averageº¼»½»½»]¾ m¹ denotes

:
a coarse

grainingS process.Undertheconditionfor theexperiment¿ 2*,À ,2
the
.

linear density of the noble gas atoms is aboutÁ 108/cm,
¬

and the typical interaction length is about Â 10
cm.K The propagationis, therefore,statisticalandwe canuse
the
.

optical potential to treat the noble gas as an effective
mediumA with a complexindexof refractionnÃ (

U
k
Ä

L
Å )WÇÆ 4,6

QÉÈ
. The

solution> inside the mediumcan then be written in the formÊvË
(
U
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where8 N
Ù

is
;

the numberdensityof the mediumandk
Ä

L is
;

the
momentumof thebeamin thelaboratoryframe.Theforward
scattering> amplitude f

y
(
U
k
Ä
,0)2 is calculatedin the center of

massA framefor two particleswith relativemomentumk
Ä
. The

average9 ßáà½à½à®â in ã 2ä refers to a statisticalaveragewith re-
spect> to all microscopicparametersof themedium.It is con-
venientI to averagewith respectto the momentumdistribu-
tion
.

using

f
yÔå

k
Ä
,02Üæ

k
Ä ç 1è

0
é
ê

f
yìë

k
Ä
,02Üí]îìï kÄñð dk

ò
,2 ó 30,ô

where8

õ÷ö kÄùø dò k
Ä 2

2 ú û 1, ü 4ý
and9 þ is

;
the reducedmassmÿ Tmÿ P /(

¬
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W
with mÿ P and9

mÿ T the
.

respectivemassesof the projectileandtargetatoms.
The
�

distributionfunction is given by
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2
9
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k
Ä

L
2
9
/2
¬

mÿ P
� is
;

the kinetic energyof the so-

dium
:

atom.We haveassumedthat the mediumof noblegas
to
.

be Maxwellian with the distribution of a uniform spatial
density
:

N
Ù

,2

f
y
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@
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where8 I J
T is
;

the targetvelocity, and KML 1/(k
Ä

BT
N

)
W
, with k

Ä
B the
.

Boltzmann
O

constant,andT
N

the
.

temperatureof thenoblegas.
In
3

theexperiment,thesodiummatterwavehasa velocity
width8 which is only a few percentof the peakk

Ä
L
Å . Sincethe

relative velocity distribution P (
U
k
Ä
)
W

is much wider than this
width,8 we canneglecttheaverageovertheprojectilevelocity
distribution.
:

III. POTENTIAL SCATTERING

The forwardscatteringamplitudeis to becalculatedfrom
molecularA potentialcurvesbetweenthesodiumandthenoble
gasS atoms.We havecomparedour potentialscatteringcalcu-
lations using standardquantum partial wave theory with
those
.

usingthesemiclassicalimpactparametertreatmentand
found
"

agreementto within a few percent.Therefore,we will
present& only the semiclassicaltheorysinceit is bettersuited
for our purposeof interpretingthe physicalcontributionsto
the
.

scatteringamplitude.In the eikonal approximation,the
scattering> amplitudeis given by

f
yRQ

k
Ä
,027S�TVU ik

£
0
é
WYX

exp6[Z 2i
£5\^]

b
_�`ba5c

1d bdb
_
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where8 b

_
is
;

the classicalimpact parameter,and h (
U
b
_

)
W

is the
correspondingK phaseshift. The scatteringamplitude i 7f5j canK
be
M

divided into two contributions.The first contribution is
due
:

to the long-rangepart of the potentialwherethe phase
shift> is small.Theapproximationexpk 2i

£ml
(
U
b
_
)
Wonqp

1r 2i
£qs

(
t
b
u
)
v

can
therefore
w

be usedandthe contributionis given by

f
y

d
xzy kÄ ,0{M|~} 2k

Ä
b
�

1

�����
b
u��

bdb
u

,{ � 8�5�
where� the impact parameterb

u
1 is
�

large enoughso that the
phase� shift in � 7�5� is

�
dueto the long-rangepart of the poten-

tial.
w

The subscript ‘‘ d
ò

’’ is often used in � 8��� to
w

designate
diffraction
�

scatteringfrom the tail of the potential � 7�5� . For
the
w

long-rangeinteractionpotential

V � r�����V� Cs�
r� s� ,{ � 9�5�

the
w

phaseshift is � 7�5�
�^� bu���  Cs� Fs� k

Ä
2Ebs�¢¡ 1 ,{ £ 10¤

where�
Fs�¢¥ 1

2 ¦ §
¨ª©q«

s¬� 1 ® /2¯M°±M²
s¬ /2¯´³ . µ 11¶

The
·

long-rangecontribution to the scatteringamplitude is
found
¸

to be
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The secondcontribution to the scatteringamplitudecomes
from
¸

the forward glory scatteringandis given by

f
y
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£
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·

term involving Ù 1 is usually integratedand combined
withÚ f

y
d
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1 dependence
Ü
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Þ
b
Á
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ß

s
setÛ equalto a constant.The remainingintegral

f
y

gÇ5à kÄ ,0»7á�âVã ik
£

0
é
b
Ì

1
expÎÐä 2i

£5å�æ
b
Á�çqè

bdb
Á é

14ê
is conventionallycalculatedby extendingthe limits of inte-
grationë to ìîí andï using a stationaryphaseapproximation.
The result is ð 7ñ5ò

f
y
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whereÚ b
Á

gÇ is
�

the impactparameterwhenthephaseshift hasa
maximum,	 and
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ò 2 
db
ò 2
9

b
Ì��

b
Ì

g� . � 16�
The phaseshift � (

Þ
b
Á

1) i
ß

n � 12� is usuallysetequalto a small
constant� times ��� 7ñ�� ,» so that the long-rangecontributionto
the
�

scatteringamplitudeis linear in k
Ä

andï quadraticin the
impactparameterb

Á
1. Sincetheglory contributionis linear in

k
Ä

andï b
Á

gÇ ,» it would appearthat it shouldbedominatedby the
long-range
�

contribution.In the presentstudy, however,the
condition�

� �"!
b
Á

gÇ$#&%('") bÁ 1 *,+.- 1 / 170
for the stationaryphaseapproximationto be valid breaks
down.
Ü

Therefore,we mustuseEq. 1 142 directly.
Ü

This canbe
done
Ü

throughuseof theeikonalapproximationfor thephase
shiftÛ

3"4 bÁ65&798 1

4
:

k
Ä ;=<

>@?
U A bÁ ,» zB&C dz

ò
,» D 18E

whereÚ
U F bÁ ,» zB&G&H 2

øJI
V KML b

Á 2 N zB 2 O . P 19Q
Numerical
R

calculationsof S 14T reveal that the glory contri-
bution
U

is typically threetimeslargerthanthelong-rangecon-
tribution
� V

12W .
Further
X

evidencefor the importanceof glory scattering
comes� from the molecularpotentialsthemselves.The long-
rangedispersionenergycan generallybe found very accu-
rately. Its contributionVL(

Þ
r)
ß

to the potentialis given by the
large-
�

r� vanY der Waalsexpansion

VL Z r [,\�] C6
^

r6
^`_ C8

r8 a C10

r10 . b 20c

The short-rangerepulsivepart of the potentialis mainly due
to
�

exchangeandelectrostaticforces,andis usuallyapproxi-
matedby the small-r Born-Mayerpotential

VS
d�e r�&f&g A

h
expÎjilk armon . p 21

ørq
Therefore,probablythe mostuncertainpart of the potential
is neartheminimum.Theglory impactparameterb

Á
gÇ is
�

typi-
cally� found to be locatednearthe positionof this minimum.
In the next section,we will discussthe sensitivity of the
forward
¸

scatteringamplitudeto the uncertaintyin the mo-
lecular
�

potential in the intermediaterangewhere the mini-
mum occurs.

Theactualpotentialswereobtainedsemiempiricallyfrom
the
�

calculationsof Bottcher,Dalgarno,andWright s 8t�u usingv
the
�

functional form

V w r�&x&y VS
d�z r�&{&| VL

Å~} r�&� . � 22
ø(�

In orderto avoidthesmall-r divergence
Ü

of thevanderWaals
expansionÎ � 20

ør�
, w» eu se

VL � r �&�9� C6
^ g� 6

^�� am ;r �&� C8g� 8 � am ;r �&� C10g
�

10� am ;r � ,»(� 23�
whereÚ

g� n��� am ;r �&���
�
nÃ ,» armo��

nÃ�� 1 � ! rn� � 24 
is
�

related to the universal damping function of Tang and
Toennies¡ 10¢ . Theincompletegammafunction £ (

Þ
nÃ ,» arm )

ß
, de-

fined
¤

by

¥"¦ nÃ ,» armo§&¨ª© nÃ�« 1 ¬ ! 1  expÎj®M¯ armo°²±
m¹²³ 0
é

n��´ 1 µ
armo¶ m¹
mÿ !

,» · 25̧

regularizes¹ the short-rangebehaviorof the attractivepart of
the
�

potential,while allowing for anexactlong-rangevander
Waals
º

expansion.For the short-rangepotential,we use

VS
d�» r��¼,½¿¾

n� A
h

n�lÀÂÁ nÃ ,» armoÃ . Ä 26
ørÅ

The
·

complementaryincompletegammafunction Æ (
Þ
nÃ ,» arm ) i

ß
s

usedv to provideshort-rangeexpansionsthataremoreflexible
than
�

the Born-Mayerrepulsivepotential Ç 21È . The potentialsÉ
26
ørÊ

areï analyticallyequivalentto the Born-Mayerpotential
multiplied by a polynomial in r.

To
·

determinetheparametersfor our potentials,we useda
least
�

squaresfit to the calculateddata Ë 8t�Ì . The long-range
vanY derWaalscoefficientsaretakenfrom Í 11Î andï shownin
Table I, while the optimized short-rangeparametersare
shownÛ in TableII. For helium, two different short-rangepo-
tentials
�

were used,each having a root-mean-squareÏ rms¹ÑÐ
deviation
Ü

from the data on the order of 10Ò 5
ÓÕÔ

the
�

fits are

TABLE I. List of the long-rangecoefficentsÖ from Ref. × 11Ø .
C6
Ù C8

Ú C10

He 24.7 1320 87000
Ne 48.0 2900 190000
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denoted
Ü

by He(1)
Û

andï He(2)
Û

in
�

Table II Ü . In general,for a
givenë rms deviationfrom the data,a fit which includesA

h
4
Ý

willÞ providea slightly deeperwell thanonewhich constrains
A4
Ý to

�
be zero. For both of the helium fits, the nonlinear

parameterß am wasÞ determinedby the criterion that the rms
deviation
Ü

from the databe minimized.For neon,the choice
ofà am wasÞ determinedby therequirementthat thefitted poten-
tial
�

give a dissociationenergythat is closestto the spectro-
scopicallyÛ known value á 9��â oà f5c m ã 1. Our bestfit for neon
gaveë a dissociationenergyof 4.58 cm ä 1. We alsousedpo-
tentials
�

provided by Peach å 12æ . Thesepotentialscontain
enoughÎ points that we wereable to usecubic splinesto in-
terpolate
�

the data.The potentialobtainedfrom the splinefit
for
¸

neongivesa dissociationenergyof 4.9 cm ç 1. Figures1
andï 2 show the respectiveNaHe and NaNe interactionpo-
tentials
�

in the vicinity of the well.

IV.
 

RESULTS

In
è

Fig. 3, we showthe distribution functions é (
ê
k
Ä
)
ë

of the
relative¹ momentum for collisions in the center of mass
frame.For both theheliumandneontargetgases,thespread
is wide enoughthat the velocity distribution of the sodium
projectileß canbe neglected.

Figure 4 showsthe ratio R ofà the real to the imaginary
partß of theforwardscatteringamplitudefor heliumasa func-
tion
�

of the sodiumprojectile velocity. R is shown for two
nonlinearleastsquaresfits to thetheoreticalpotentialdataof
Bottcher,
ì

Dalgarno,andWright í 8t�î ,» for a cubic splinefit to
the
�

theoreticalpotentialdataof Peachand co-workers ï 12ð ,»
andï for the experimentalmeasurementsof Schmiedmayer
et( al. ñ 2ò . The only noticeabledifferencebetweenthe two

nonlinearó fits ô seeÛ He(1)
Û

andï He(2)
Û

in
�

TableII õ is
�

thesizeand
location of the potential minimum. The sensitivity of the
scatteringÛ amplitudeto small changesin thepotentialwell is
clearly� very large.A small increasein the depthof the well
causes� a large increasein the valueof R. The experimental
data
Ü

appearto lie in betweenthe calculationsusing the two
nonlinearó potentialfits. The agreementbetweenthe experi-
mentaldataandthe calculationof R usingv the potentialdataö
12÷ is

�
not asgood.The structurethat appearsin the experi-

mental	 datais not reproducedin any of the theoreticalcal-
culations,� indicating the need for further investigations.
However,consideringthe difficulty of the experiments,the
level
�

of agreementis encouraging.
For neon,the resultsare given in Fig. 5. The potentials

obtainedà from the least squaresfit ø seeÛ Table II ù andï the
cubic� splinefit to the data ú 12û both

U
give a dissociationen-

ergyÎ that is closeto the measuredvalue ü 9��ý oà f5c m þ 1. The
agreementï betweentheoryandexperimentfor neonis excel-
lent,
�

exceptfor velocitieslessthan800m/swheretheexperi-
mental	 uncertaintiesare large ÿ seeÛ Fig. 5� .

We
�

havestudiedtheoreticallythe index of refractionof

FIG. 1. The interaction potentials for NaHe. The solid and
dashedcurvesare for the nonlinearleast squaresfits denotedby
He(
�
1)
�

and� He(
�
2)
�

in TableII. Thedottedcurveis for thecubicspline
fit to the data � 12� .

FIG. 3. The distributionof the relativemomentumfor the col-
lisions in the centerof massframe.The projectilevelocity is 1000
m/s andthe temperatureof the gasis 300 K. The solid curveis for
He andthe dottedcurveis for Ne.

TABLE II. List of the short-rangeparameters.

a A1 A
�

2
� A

�
3
	 A

�
4



He(
�
1)
�

1.2944 5.5111 -2.1446 0.2807 0.0000
He(
�
2)
�

1.4725 2.2630 1.7760 -0.6261 0.0701
Ne 1.5800 5.3874 6.5796 -1.6062 0.1603

FIG. 2. The interactionpotentialsfor NaNe.The solid curve is
for thelinearleastsquaresfit in TableII. Thedottedcurveis for the
cubic splinefit to the data � 12� .
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the
�

noblegasesHe andNe for thepropagationof thesodium
matter	 waves.We find that our numericalcalculationsagree
wellÞ with the data from the interferometerexperiment  2ø�� .
Our
�

calculationsprovideaninterpretationfor theexperimen-
tal
�

data,andmay be useful in selectingthe bestinteratomic
potentials.ß For example,the atom interferometrymeasure-
mentsshownin Fig. 4 indicatethat theexactNaHepotential
probablyß lies betweenthe solid anddashedcurvesshownin
Fig.
�

1. In contrastto the interpretationpresentedin � 2ø�� , w» e
have
�

arguedthat the two-bodyforward scatteringamplitude
is dominatedby theso-called‘‘glory’’ contribution.Because
ofà theimportantrole playedby theglory scattering,themea-
suredÛ ratio of the real to the imaginarypart of the forward
scatteringÛ amplitude is very sensitiveto the intermediate-
rangeof the molecularpotentialcurves.With accuratelong-
range¹ coefficientsC6

� ,» C8,» andC10,» andshort-rangeinforma-
tion
�

about the repulsivewall, it shouldbe possibleto infer

from
¸

the measuredratio the correct intermediate-rangepo-
tential
�

parameters,suchasthe potentialwell depth.
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