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ABSTRACT

We present an astrophysical extended X-ray absorption fine-structure (EXAFS) analysis (AEA) tool.
The AEA tool is designed to generate a numerical model of the modification to the X-ray absorption
coefficient due to the EXAFS phenomenon. We have constructed a complete database (elements up to
the atomic number 92) of EXAFS parameters: central atom phase shift (25,), backscattering phase shift
(¢3), and backscattering amplitude (F). Using the EXAFS parameter data base, the AEA tool can gener-
ate a numerical model of any compound when the atomic numbers of neighboring atoms and their dis-
tances to the central X-ray—absorbing atom are given.

Subject headings: atomic processes — ISM: abundances — X-rays: general

1. INTRODUCTION

The current development of high-resolution (E/
AE ~ 1000) X-ray spectrometers on board future satellite
missions (e.g., Advanced X-ray Astrophysics Facility, i.e.,
AX AF) has opened a new window to study the properties of
interstellar grains and molecules by analyzing the X-ray
absorption fine structure (XAFS) in the observed spectra of
X-rays that have passed through interstellar matter (Woo
1995). XAFS is produced by the interference effect of the
backscattered photoelectron wave from nearby atoms on
the final state of the outgoing photoelectron wave. There-
fore, XAFS is dependent on the type, structure, and state of
the intervening matter. Since XAFS reflects deeper probing
of interstellar medium (ISM) than any other traditional
method of ISM study (e.g., optical, UV), we should be able
to use XAFS to explore previously unknown properties of
the interstellar molecules and grains (Martin 1970; Evans
1986). In efforts to develop high-resolution X-ray spectro-
meters, the instrument calibrations frequently have to deal
with XAFS in their own instrumental response (see, e.g.,
Owens et al. 1997). Therefore, it is useful to provide the
astrophysical community with suitable theoretical tools and
an easily accessible database to model XAFS.

XAFS is typically divided into two regions with respect
to the photoelectron momentum k: the low-energy region
(k<4 A™1), which produces the X-ray absorption near
edge structure (XANES), and the high-energy region (k > 4
A™1), which produces the extended X-ray absorption fine
structure (EXAFS). The high-energy region is dominated by
single scattering of the photoelectrons from immediate
neighboring atoms, whereas the low-energy region is domi-
nated by multiple scattering. Although the theoretical for-
mulation of XAFS was done early on (XANES by Kossel
1920; EXAFS by Kronig 1931), the practical usage of XAFS
to probe the structure of molecular and solid-state matter
was recognized much later by Sayers, Stern, & Lytle (1971)
when modern synchrotron light-source technology became
available.
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As the first of our series on XAFS analysis, we will
present the astrophysical EXAFS analysis (AEA) tool. Sub-
sequent papers in this series will present the astrophysical
XANES analysis (AXA) tool (see, e.g., Cho & Woo 1997).
We have designed these tools so that a user with a limited
understanding of the theoretical aspects of numerical mod-
eling can easily access the databases and use them to study
XAFS within a limited personal/workstation computer
facility. Our theoretical model of the current AEA tool is
generally based on Lee & Beni (1977) and Teo & Lee (1979).
A brief overview of our theoretical model is made in § 2. In
§ 3, we describe the AEA tool that constructs an EXAFS
model for any given compound.

2. THEORETICAL EXAFS MODEL

The EXAFS phenomenon can be modeled as the modifi-
cation to the X-ray absorption coefficient of an isolated
atom due to the coherent interference effect of the scattering
photoelectron wave from the neighboring atom and the
original outgoing photoelectron wave generated from the
central X-ray—absorbing atom. The initial state consists of a
many-atom system (molecule or condensed matter) and an
X-ray with its energy substantially above the ionization
energy of the X-ray-absorbing atom (k > 4 A™1'), and the
final state consists of the many-atom system and the ejected
photoelectron. The detailed formulation of the single-
particle EXAFS theory can be found in many articles (see,
e.g., Lee & Pendry 1975); therefore, we give only a brief
outline of the theory here.

The oscillatory absorption coefficient of EXAF'S normal-
ized to a smooth absorption coefficient p, of an isolated
atom is given by

1)

where p is the absorption coefficient of the center atom of
the many-atom system (molecule or condensed matter). The
X-ray absorption coefficient u can be calculated by Fermi’s
Golden Rule within the dipole approximation for the
photon-induced transition of an electron from initial state
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|i) to a final state | f >
p~IKfIEriy]?, @)

where € is the polarization vector of the photon and r is the
electron coordinate. For a K-edge transition, |i) is the 1s
core state of the X-ray—absorbing atom. For an isolated
atom, the final state | f,)> consists of the ionized atom plus
the ejected photoelectron. The full final state | ) is defined
to be

1> = (1 ) Mj>|fo> , 3)

where M; gives the modification of the final state due to
backscattering from the jth neighboring atom. Substituting
equation (3) into equation (2) we get

U~ u0<1 + Y M; + complex conjugate) , 4)
j

where the backscattered wave is assumed to be weak
enough that the squared term can be neglected. The oscil-
latory absorption coefficient is obtained from equations (1)
and (4) to be

xk) =23 Re (M)). ©)
J
Following Lee & Pendry (1975), Mis given by

.= Zmo zlm Zl’m' Plomo,lm Z{m,l’m’ Pl'm’,lomo ei(aﬁ—é” (6)
! zmo Zlm | Plomo,lm |2 ’

where P, 1m = {lomo|e€ - r|Im) is the dipole transition
matrix from the initial state | [, m,) to an excited state | Im),
and Z}, ., is the transition matrix that connects the out-
going photoelectron wave function | I'm’) from the central
atom to the wave function |Im) that has been produced
from the backscattering of the original outgoing wave by
the neighboring atom j. §; and §, are the respective phase
shifts of the outgoing wave function |I'm’) and the back-
scattering wave function |Im). For an s core level (I, = 0),
both [ and I’ should be 1, so that

j 2i6;
Zm Zm Poo,1m Llim 1m Pim 00

M

M. = (7)
’ Zm | P 00,1m |2
For unpolarized X-rays it further reduces to
Z Z(J) 1m€ 201 (8)

A brief derivation of the general Z matrix is as follows.
Z,. 1 Telates the backscattered photoelectron wave func-
tion W{~) to the initial outgoing spherical photoelectron
waves j(kr) Y,,,(F) as

) = 22 Z33) v k) Yy (P) ©

The desired matrix element Z{;? . is derived by assuming
that the outgoing and incoming photoelectron wave func-
tions can be approximated by the plane waves

Pi(r) = @ (r)) exp [ik - (r — r)] (10)
Yr) = 0,(r =0) exp (—ik - 1), (11)

where r; is the position of the jth neighboring atom from the
center atom and k = k#*;. The amplitudes of the plane waves
are given by

Doy (rj) = Yi(Fy)hi (kr)) 12
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Diy(r) = Dou(r)) Z A YEF) YnR)HOKR) , (13)

where h{*) is the outgoing Hankel function and R; = r — r;.
Equation (13) relates the amplitude of the returning photo-
electron wave to the amplitude of the original outgoing
wave modified by scattering from the jth atom. The modifi-
cation is given by the amplitude 4, = 2xi(S; — 1), where S,
is the scattering matrix element (see below). Using the addi-

tion theorem for spherical harmonics, we have

Byl = 0= Br) ¥ (2’ * 1>A Picos mh k) . (14)

When kr;> 1, the asymptotic expansion h; (kr;) ~
(—i)'*t exp (lkrj)/krj can be used in equation (14), leading
to the result

1
Dyy(r = 0) = — exp (ikr)) fi(m)Pou(r))

1
=12 (=7 exp Qikr) (W YF) , - (15)

where

1 [ee)
S0 = 2k l;O(2l + 1)(S; — 1)P/(cos 0) (16)

is the well-known scattering amplitude. Substituting
equation (15) into equation (11), expanding the plane wave,
and matching to equation (9) gives

ZW) o =21 Y (—

Im,l'm’

F)®;a(r = 0) (17)

; Z) i = (2;;; @I + 1) fi(n) exp Qikr) .  (18)

For an s wave initial state, = 1 and
exp (2ikr; + 2id,)
2ikr}

Using equations (5) and (19) along with the definitions

F(k) = |flm)|, ¢y(k) = arg [fi(m)], and n(k) =20, + ¢4(k)
— 7 gives the result

M; = —f(n) (19)

_ sin [2kr; + 1 J(k)]
M09 =X F0 =

The above derivation shows that the EXAFS calculation
(eq. [20]) is simply reduced to obtaining a complete set of
26, ¢y, and F for all relevant atoms as a function of k. This
information can typically be obtained by solving two poten-
tial scattering problems (¢, and F from the neighboring
atom; 29, from the central atom). Therefore, we provide an
overview of potential scattering theory in the next sub-
section. The potential of the many-atom system is treated
using the muffin tin approximation, where within a sphere
centered about each atom the core potential is spherically
symmetric and outside the spheres the potential is averaged
and set to a constant value. The details of the potential
energy function are provided in § 2.2.

(20)

2.1. Scattering Calculation

This section provides an overview of the scattering theory
used in the present work. For a more detailed treatment, see
standard textbooks such as Joachain (1975). The partial
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wave Schrodinger equation for a central potential V(r) is
given by

h? [ d?

— |- +k -

2u | dr
where k is the relative momentum of the colliding particles
and u is their reduced mass. At large distances r, the poten-

tial tends to zero, and the differential equation (21) has the
two solutions

u.(r) = exp [tilkr — In/2)] . (22)

l(l+ 1)

] Wir) + VW) =0, (21)

The wave function ;, behaves asymptotically as a super-
position of the two solutions (eq. [22]) with the outgoing
wave u, weighted by the scattering coefficient

S, = exp (2i0,) . (23)

The phase shift 6, depends on the details of the potential
V(r) and is real for purely elastic collisions. For inelastic
processes, the phase shift becomes complex owing to the
removal of particles from the incident channel. The absorp-
tion factor

A;=exp (—2 Im §) (24

is assumed to contain the effects of all inelastic processes.
The absorption factor A; and the elastic phase shift Re J,
can be calculated from a complex “ optical ” potential

V(r) = Vi(r) + iVy(r) . (25)
The definition
Yi(r) = uy(r) + iuy(r) (26)

and the optical potential (eq. [25]) are used in equation (21),
where the functions u, and u, are to be determined by the
matrix equation

T—E+V, -V, \(u\_ (0
( v, T—E+ V1><“2> Bl <0> @)

B[ i+
S VATED) B

r

with

The eigenvector matrix is computed numerically and
matched to the large-r asymptotic boundary condition

(o )~ (6 )G 3ol D).
Uy; Uy, 0 wu_ S,1 S, /\0 u_
(29)
The result
Uy (1) + iuy (1) ~ —u_(r) + (Syy +iS,)u (@) (30)
Ugo(r) + iy (r) ~ i[—u_(r) + (S, — iS1)us ()] (31)

shows that the scattering coefficient S, of the outgoing
spherical wave can be expressed in terms of the two-
dimensional S-matrix as

S, =8, +iS,,
=S,, —iS,, (32)
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which produces a scattering amplitude given by equation
(16).

2.2. Potential Calculation

To carry out the scattering calculations, we need to
specify the potential V() (eq. [21]). In both neighboring and
central atom scattering problems, V' (r) can be represented
by the electrostatic potential Vy(r), consisting of nuclear
point-charge and electron charge density, plus the self-
energy potential U, which is the effective scattering poten-
tial due to exchange and correlation effects of electrons in
the atom.

The electrostatic potential of the neutral atom is

V) = f ! e(” (33)

where Z is the nuclear charge of the atom and p,(r) is the
electron charge density function. p(r) was obtained from
density functional theory using the local density approx-
imation by solving the self-consistent relativistic Kohn-
Sham equation (Kohn & Sham 1965). The electron charge
density function is normalized to be | p,(r)dr = Z. In the
atom with a core hole, there are two contributions to the
electrostatic potential: one from the ionized atom and the
other from the screening potential of the surrounding
medium. The contribution to the electrostatic potential
from the ionized atom is

p)
Vo()———+f|r (34

where p,(r) is now normalized to be | pe(r)dr =7 —landis
obtained by solving the Kohn-Sham equation with one 1s
electron missing. The screening potential is approximated
by

1— e

Ve =———, (35)

where 4, ~ 2r, with r, the effective radius of the atom. Since
the screening potential goes to 1/r for r > 4,, an extra
screening electron is effectively added to the ionized atom to
cancel out the core hole charge. Thus, the resulting electro-
static potential of the ion is

Vi) = _(Z- 1)r+ o Tl . L:}ir’:,l i (36)

For the self-energy potential U, we have adopted the
formulation of Lee & Beni (1977). Since U is relatively small
compared to the Fermi energy 2k2, we assume

ip%(r) = 1k* + 3kE, (37

where k is the momentum of the electron outside the atom
and kj is the Fermi momentum. Then, the complex self-
energy potential U[p, w = 3p*(r)] can be computed in the
plasmon pole approximation, which replaces the elemen-
tary excitation of an electron gas by a single pole. The real
part of the self-energy potential is given by

dq 4n { flp+4q
@2n)* ¢* |elg, 3(p + 9)* — W]

Re U(p, w) = —

wy
T 2w @@ —w 30+ q)zl} » ©09)
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where

W2

p
i )

wig) = w2 + eé[g (i)z + (i)j . (40)

f(q) is the Fermi distribution function and w), is the plasma
frequency. The imaginary part is given by
aw? ([ dg 4n 1

Im U ) =" | 2 2 i@

x {f(p n q)a[% @ + 9 — wi@) w]

6((], W)71 =

O -S0+ a0d] 3 0+ - wi -} @

3. AEA TOOL AND DATA BASE

We have built the AEA tool for the astrophysics com-
munity to be able to construct an EXAFS numerical model
of a given compound by a simple procedure without the
need to consider the underlying mathematical and numeri-
cal detail. The AEA tool is able to calculate y(k), the modifi-
cation to the X-ray absorption coefficient due to EXAFS,
from the user-provided list of atomic numbers of neighbor-
ing atoms and their distances to the central X-ray-
absorbing atom. A UNIX tar file of the AEA tool can be
obtained by the UNIX anonymous ftp; the ftp site of the
most recent version can be identified by sending an e-mail
to jwoo@cfa.harvard.edu.

The AEA tool provides a complete set of EXAF'S param-
eters, 20,, ¢, and F (as defined in eq. [20]) for the elements
with atomic numbers up to 92 as a function of k between 2
and 8 atomic units (3.78-15.12 A~ 1) in steps of 0.1 atomic
units. In Figure 1, we have compared our numerical results
with the numerical model of Teo & Lee (1979). Although
our computer software has been developed completely inde-
pendent of Teo & Lee’s (with similar mathematical formal-
ism according to Lee & Beni 1977), these two results are
quite similar. This similarity establishes a useful calibration
for our AEA tool.

The AEA tool provides a program called “calExafs”
which calculates the modification to the X-ray absorption
coefficient, y(k) (eq. [20]) using the provided EXAFS
parameter data set (20,, ¢,, and F). The “calExafs”
program has an option to correct the normalization factor
of y(k) for the inelastic scattering losses (see § 4.2 for details);
for our two examples (in §§ 3.1 and 3.2), we have assumed
74% to be our normalization as suggested by Lee & Beni
(1977). The program requires an input file that contains the
structural information of the desired compound. The struc-
ture input file is required to have the atomic number of the
central X-ray-absorbing atom and two columns of
numbers; the first column is the atomic number of the back-
scattering atom, and the second column is the spacing (in
units of A) between the central X-ray—absorbing atom
and the backscattering atom. The structural information of
most compounds can be easily obtained from standard lit-
erature (see, e.g., Wilson 1955). In the rest of this section, we
show the results from the AEA tool for two examples: SiO,
and MgSiO;.
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F1G. 1.—Comparison of the numerical results from the AEA tool (solid
lines) with those from the Teo & Lee (1979) model (dotted lines) for O, Mg,
and Si: (a) backscattering amplitude function; (b) backscattering phase
function; (c) X-ray absorber phase function.

3.1. SiOo,

We have selected a-quartz (3Si0,) as our first example of
the numerical EXAFS model. a-quartz has a hexagonal unit
cell that is made of three SiO, molecules. It also has con-
nected tetrahedrals that are made of one O and four Si
atoms. In the tetrahedral structure, each Si atom is bonded
with two adjacent O atoms while each O atom is bonded
with four Si adjacent atoms. For simplicity, we assume that
any given O atom in the a-quartz is positioned at the center
of two tetrahedrals where the inner tetrahedral is made of
four Si atoms and the outer tetrahedral is made of four O
atoms. We also assume that the average separation between
the central O atom and Si atoms is 1.6 A and that the
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FiG. 2—Predicted O K-edge EXAFS of SiO, from the AEA tool: (a)
1(k); (b) k3x(k); (c) power density spectrum of (b).

average separation between the central O atom and outer O
atoms is 2.6 A. Figure 2 shows the result of EXAFS calcu-
lation of O K edge using the AEA tool. Our predicted y(k)
and k’y(k) spectra are shown in Figures 2a and 2b. In
Figure 2¢, we have plotted the power density spectrum of
k3y(k) of Figure 2b. A quick demonstration of our data
analysis technique shows that we can easily recover 1.6 and
2.6 A peaks from the power density spectrum.

3.2. MgSiO,

Our second model is Enstatite (2MgSiO;), which has an
orthorhombic crystal structure (see, e.g., Wilson 1955).
Using the positional information of two MgSiO; molecules
in the unit cell (Table 1), we have constructed a complete list
of atomic numbers and distances from the two Mg atoms in
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TABLE 1

COORDINATE POSITIONS OF INDIVIDUAL ELEMENTS AND DISTANCES FROM
THE Two Mg Atoms To EACH OF THE ATOMS IN 2MgSiO,
(WILsoN 1955)

a2 d°

Atom x y z (.Z\) (.Z\)
Mgl 0.125 0.333 0.375 0.000 3.251
Mg? o, 0.125 —0.036 0.375 3.251 0.000
) S 0.028 —0.336 0.267 3.229 6.179
0.222 —-0.172 0.028 2.798 5117
[ P 0.061 0.147 0.219 2.149 2.169
0.061 0.503 0.200 4974 2.106
0.058 —0.267 0.000 3.074 5.766
0.189 0.347 0.028 4.001 2.155
0.197 0.006 0.050 2.174 3.590
3 0.194 —0.236 0.292 2.207 5.186

Unit axis (A)...... 18.22 8.81 5.21

2 Distances from Mg!.
® Distances from Mg?.

the central unit cell to 538 neighboring atoms in the unit cell
plus 26 duplicated cells that completely surround the
central unit cell. This list should cover any significant single
scattering path to neighboring atoms. The result of calcu-
lated EXAFS y(k) spectrum above Mg K edge by the AEA
tool using the above list is shown in Figure 3. As before, we
show the predicted y(k) and k>y(k) spectra in Figures 3a and
3b and the power density spectrum of k3x(k) in Figure 3c.
Unlike the SiO, case, we see high-order features in the y(k)
spectra and high-order (or large R) peaks in the power
density spectrum because of 26 duplicated cells that sur-
round the central unit cell. From the power density spec-
trum of Enstatite, similar to the a-quartz case, we can also
recover the positions of O atoms at ~2.1 A, Mg and Si
atoms at ~3.2 A, O atom at ~3.5 A, and O and Si atoms at
~5.1 A (as listed in Table 1).

4. DISCUSSION

4.1. Gaussian Damping Term

Static structural disorder and thermal vibration are two
components that modify EXAFS and can be represented by
a Gaussian function with the Debye-Waller factor ¢. With
the Gaussian term, the EXAFS form becomes

kr? .

It is nontrivial to model the Debye-Waller factor because it
depends on the particular process by which a given material
is produced and its environment.

For astrophysical grains, we can ignore thermal vibra-
tions due to the cold temperature of interstellar space (e.g.,
T ~ 10-100 K). The measured o factor of the EXAFS signal
from the astrophysical grains, therefore, contains informa-
tion on the static structural disorder of the grains. By mea-
suring EXAFS from crystalline, polycrystalline, and
amorphous laboratory samples—prepared in a low-
temperature environment to have the same composition as
the interstellar grains, we should be able to model the
Debye-Waller factors for the different structural types of the
interstellar grains using equation (42). If we compare these
tabulated Debye-Waller factors of the different structural
types with the observed factor of the grains, we should be
able to learn about the internal structure of the interstellar
grains.

10 =3 Fik) @)
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F1G. 3.—Predicted Mg K-edge EXAFS of MgSiO; from the AEA tool:
(@) x(k); (B) k3x(k); (c) power density spectrum of (b).

4.2. Inelastic Scattering Losses

There are two inelastic scattering contributions in our
scattering calculation. The first one is represented by the
absorption factor (eq. [24]) that comes from the central-
atom scattering calculation. The second one is due to the
relaxation of the core hole, which is dominated by the
Auger processes. Although we obtain the absorption factor
(eq. [24]) from our central-atom scattering calculation, it is
extremely difficult to calculate the inelastic scattering ampli-
tude of the Auger process (Cho & Oh 1989). Since both
inelastic contributions involve the same final state, they
must be added coherently. Therefore, the absorption factor
(eq. [24]) alone cannot make a meaningful contribution. To
circumvent the difficulty, the overall magnitude of the
inelastic scattering is typically fitted to experimental data.
Estimates by Lee & Beni (1977) indicate that at very high
energies where Im(d,) is small, only about 74% of the photo-
electrons have been excited elastically. In the present
version of our database, we have chosen to follow the Lee &
Beni (1977) estimate of 74% for our normalization. In later
versions, we hope to address the issue of core hole relax-
ation more rigorously.

5. CONCLUSION

The analysis and corresponding database that is
described in this paper is the first step toward applying the
well-known EXAFS theory to astrophysical objects such as
interstellar dust grains. Readers familiar with the condensed
matter literature on EXAFS theory may recognize that
much remains to be done before the project can be con-
sidered complete. For example, the plane wave approx-
imation that was used in § 2 should be replaced by a more
accurate spherical wave approximation. The multiple scat-
tering contributions that become important at low energies
should be included in the analysis/database, and a more
detailed treatment of the inelastic effects should be provid-
ed. Despite these shortcomings, we feel that the present
work represents a pivotal step in providing the astro-
physical community with the necessary tools to study the
next generation of observed interstellar X-ray spectra.
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