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The
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index of refractionfor sodiummatterwavestraveling in a cold noble-gasmediumis calculatedas a
function
�

of temperatureandbeamvelocity. Resonancesandglory oscillationsarepresentin thecenter-of-mass
scattering� amplitudeandmay be seenin the refractiveindex at very low temperatures.The sensitivityof the
calculations� to themolecularpotentialis investigatedfor thecaseof argon,andresultsat 300K arecompared
to
�

a recentexperiment.Effective rangeparametersarecomputedandthe attenuationandphaseof the matter
waves	 areanalyzedasa function of temperatureandbeamvelocity.
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I. INTRODUCTION

The
�

indexof refractionfor sodiummatterwavestraveling
through



variousnoble gaseshasbeenmeasuredusing atom
interferometry� 1–3� . The sensitivityof thesemeasurements
hasmotivatedtheoreticalpredictionsand may result in re-
fined
�

molecular potentials � 4–
�

8� . Glory oscillations and
resonances� werepredictedfor therefractiveindexof sodium
matterwavestraveling throughan argon gas � 5,8

���
. A recent

experiment� � 3��� has revealeda full glory oscillation using
beam
�

velocitiesrangingfrom 700 to 3000m/s. The experi-
ment� also revealedsurprisingdisagreementwith theoretical
predictions basedon molecularpotentialsthat werebelieved
to



be reliable.Therefore,it may be necessaryto reconsider
some! of the assumptionsthat weremadein constructingthe
potentials. It would alsobe desirableto havea full account
of" the scatteringdata for a wide rangeof parameters# e.g.,�
beam
�

velocity, target gastemperature,variationsin the po-
tential,



etc$ in
%

orderto assessthequality of theexperimental
data
&

or perhapsthe applicability of the standardtheoretical
treatment

 '

7
(�)

. We providesuchan accountfor collisionsbe-
tween



sodiumandargon atomsusingpotentialsconstructed
from
*

the dataof threeindependentexperiments+ 9–1
,

1- .
W
.

e alsoinvestigatethe caseof slow atomicbeamswhich
correspond/ to matter waves with long de Broglie wave-
lengths,thus, more pronouncedmatter wave nature.For a
given0 arrangementof matterwavediffraction,slowerbeams
provide larger diffraction angles,larger enclosedareasfor
the



two interferingpaths,and thusmoresensitivity in mea-
surements.! It hasbeensuggested1 4,8,122 that



measurements

of" the refractiveindex may providethe capability for deter-
mining� thescatteringlengthof anultracoldgas.As thebeam
velocity3 and temperatureof the medium are reduced,the
attenuation4 becomesvery large.Becausethe interferenceex-
periments are sensitiveto the amplitudeof the transmitted
wave,5 it is possibleto perform successfulexperimentsfor
high attenuation.In the experiments6 17 ,8 the interferingam-
plitude was as low as 109 2,8 correspondingto a transmitted
intensityof 10: 4. Measurementof the phaseshift becomes
more� difficult as the attenuationincreases,so it is useful to
know
;

whetheratom interferometryexperimentswould pro-
vide3 a practicalmeansof determiningscatteringinformation
in theultracoldlimit. In this work, we investigatetheattenu-
ation4 andphaseshift asa function of temperatureandbeam

velocity3 for He, Ne, andAr noble gases,and considerpos-
sible! experimentsthat may be performedon thesesystems.

II. THEORY

The applicationof multiple scatteringtheory < 13,14= to



the



presentproblemhasbeendescribedpreviously > 7(�? . For a
dilute
&

gas,the index of refractionis given by
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is the numberdensityof the mediumandk
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L is the
momentumof the matterwave in the laboratoryframe.The
forward
*

scattering amplitude f
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center/ -of-massframefor two particleswith relativemomen-
tum



k
C
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with mZ P
\ and4

mZ T the



respectivemassesof the projectileandtarget atoms,
and4 p is the inverseof the Boltzmannconstanttimes the
temperature



of thetargetgas.This distributionfunctiontakes
into
%

accountdifferent valuesand directionsof the relative
velocities3 q 15r . The averagein Eq. s 1t is given by
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normalizes� the distribution function. If the target gasatoms
in the mediumare cooledto the limit of zero temperature,
then



the distributionfunction � 2� becomes
�

a � function
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assumes4 that the mediumis sufficiently dilute
that



a statisticalcoarse-grainingprocedureremainsadequate
when5 the de Broglie wavelengthof the target atomis large.
The
�

result also appliesin the T
ÁÃÂ

0
Ä

limit for a mean-field
description
&

of the medium Å 12Æ .
The experimentsÇ 1–3È perform simultaneousmeasure-

ments� of thephaseshift andtheattenuationof theinterfering
amplitude.4 Therefore,they aremostsensitiveto the ratio
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may� be usedfor a matterwavetravelingin an ultracoldgas.
The k

C
L
`Wû 0

Ä
limit of R0

¤ allows4 a convenientdeterminationof
the



parametersin the effective rangeexpansionü 8ù�ý
R0
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where5 a� s� is thescatteringlengthandre
 is theeffectiverange
of" the potential.The optical theoremmay be usedtogether
with5 Eq. � 9,
� to



showthat the scatteringlength is alsogiven

by
�
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The
�

analysisgiven abovemay be generalizedto include a
mixture� of target gasatoms ! 12" . The scatteringamplitudes
are4 statisticallyaveragedby taking accountof the individual
gas0 componentsusingthe formula
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Thescatteringamplitudein thecenter-of-massframemaybe
obtained" usingstandardquantumpartial-wavetheory
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where5 �
l
l is
%

the numericallycomputedphaseshift, and � is
%

the



center-of-massscatteringangle.At high beamvelocities,
the



scatteringamplitudeis well approximatedby theeikonal
approximation,4
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III.
°

RESULTS

The forward-scatteringamplitudeis calculatedfrom the
molecularpotential betweenthe sodium and noble-gasat-
oms." The constructionof the potentialsused in this work
have
±

beendescribedpreviously ² 7,8
(´³

. The parametrization
denoted
&

by He(2)
µ

in
%

Ref. ¶ 7(
· was5 usedfor theNa̧ He
¹

poten-
tial.



TheNaº Ar potentialproducedresultsfor the refractive
indexthatfailed to agreewith a recentexperiment» 3�
¼ so! it is
worth5 looking at the molecularpotentialfor this system.In
Fig. 1, we showmolecularcurvesconstructedfrom theRKR
points of three independentexperimentalspectra ½ 9–1

,
1¾ .

T
�
able I summarizesthe parametersusedto obtain the RKR

points. The parametersaredefinedby
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)
o

and F � (R Jÿ )
o

are the vibrational and rotational
ener� gies, respectively. All three curves are smoothly con-
nected� to the samevan der Waalsexpansionat R

ì
m��
 20

H
a.u.

Theeikonalapproximation� 15� and4 � 16� was5 usedin Ref.�
3
���

to



providea theoreticalcomparisonwith the atominter-
ferometry
*

data.Becausetherewas significantdisagreement
between
�

the experimentaldataand the eikonal calculations,
we5 investigatedthe appropriatenessof the eikonal approxi-
mation.In Fig. 2, we compareresultsof theeikonalapproxi-
mation� with a numericallyexactquantumtreatmentfor the
three



potentialcurvesshownin Fig. 1. Thetop two curvesin
Fig. 2 are resultsusing the potential constructedfrom the
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data
&

of Smalleyet� al. � 9,�� ,8 the middle two curvesareresults
using� the potentialconstructedfrom the dataof Aepfelbach,
Nunnemann,
�

and Zimmermann � 10� ,8 and the bottom two
curves/ are resultsusing the potential constructedfrom the
data
&

of Lyyra et� al. � 11 . The disagreementbetweenthe
quantum! and eikonal resultsin all three casesis not large
enough� to explainthe disagreementbetweenthe experiment
and4 theorypresentedin Ref. " 3��# . Figure3 showsthe ratio R

ì
versus3 beamvelocity. The thermal averagewas performed
using� Eq. $ 7(�% at4 a temperatureof 300 K. The theoretical
curves/ are the resultsof fully converged quantumcalcula-
tions



andare labeledaccordingto the datathat wasusedto
construct/ the potentials.The interferometrydata & 3�(' shown!
on" thesamefigure is not very well reproducedby anyof the
theoretical



calculations.
It
`

hasbeensuggested) 4–
�

8* that



the index of refraction
measurements� may be useful in refining molecularpotential

curves./ Therefore,we attemptedto constructa potentialfor
Na
�,+

Ar
-

that providesa betterfit to the interferometrydata.
3
��/

. This turnedout to bea difficult task.Becausethepoten-
tial



well parametersare fairly well known, we initially con-
strained! our adjustmentsto be within 5% of the accepted
values3 givenin TableI. Noneof themodifiedpotentialswere
able4 to provide satisfactoryagreementwith the interferom-
etry� data over the entire velocity rangeof 500–3000 m/s.
Better
0

agreementwas obtainedwhen we allowed the har-
monic frequency 1 e2 to



be reducedby about25% from its

accepted4 value.Figure4 showstheoreticalresultsusingthis
type



of modified potential.A 25% changein 3 e2 is rather
lar
ï

ge consideringthat 4 e2 dif
&

fers by at most 2.6% for the
three



independentexperiments5 9–1
,

16 . Even with the 25%
adjustment,4 it was not possibleto obtain satisfactoryagree-
mentat high velocities 7 see! Fig. 48 . It wasargued 9 3��: that



a

FIG. 1. Molecularpotentialfor Na; Ar. RKR pointsareshown
for the data of Smalley et al. < 9=
> ,? Aepfelbach,Nunnemann,and
Zimmermann@ 10A ,? and Lyyra et al. B 11C .D The solid curvesare the
potentials used in the present work. Each curve is connected
smoothlyto the samevan der Waalsexpansionat 20 a.u.

TABLE I. Potentialparametersfor NaE Ar.
F

Parameter Ref. G 9H Ref. I 10J Ref. K 11L Modified M 9N
R
O

ePRQ Å S 4.991
T

5.008 5.011 4.991
D
U

ePRV cm�XW 1Y 38.9 41.7 44.7 37Z
eP\[ cm] 1̂ 13.66 13.313 13.358 10_

eP x` eP\a cmb 1c 1.2 0.994 1.038 0d
eP ye eP\f cmg 1h 0 i 0.029

j k
0.01
j

11 0l
eP zePRm cm�Xn 1o 0 0.0024 0 0

BePRp cm�Xq 1r 0.046
j

37 0.04608 0.04599 0.04637s
ePRt cm�Xu 1v w 0.003

j
856 x 0.0034 y 0.0032 0z

eP\{ cm| 1} 0 0 ~ .000D 28 0
R
O

m��� a.u.��� 20
�

20 20 20
C6
��� a.u.� 190 190 190 190

C8
��� a.u.� 12700 12700 12700 12700

C10 � a.u.� 820000 820000 820000 820000

FIG. 2. Comparisonof quantumcalculationswith eikonal cal-
culations for the three potentialsshown in Fig. 1. The top two
curvesarefor the potentialfit to the dataof Smalleyet al. � 9=
� , the
middle two curvesarefor thepotentialfit to thedataof Aepfelbach
Nunnemann,andZimmermann� 10� ,? andthebottomtwo curvesare
for the potentialfit to the dataof Lyyra et al. � 11� .D
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poor understandingof the connectingregion betweenthe
short-! and long-rangepartsof the potentialmay be respon-
sible! for the lack of agreementbetweentheory and experi-
ment.� We exploredmany different typesof interpolationin
this



connectingregion,but wereunableto find a physically
reasonablecurve that successfullyreproducedthe interfer-
ometry" data � 3�(� . Furtherinvestigationis certainlyneededto
establish� the correctform of the potentialin this region.

It
`

would seemthat the disagreementbetweentheoryand
experiment� describedaboveshould be resolvedbefore at-
tempting



to understandthe behaviorat cold and ultracold
temperatures.



It is interestingto consider, however, thequali-

tative



featuresthat enterinto the analysisasthe temperature
and4 beamvelocitiesarereduced.Figures5–7 showthe ratio
R
ì

(
R
k
C

L
` )o for Na atomspassingthrougha gasof 3

�
He,
¹

Ne, and
Ar
-

. The results for several temperaturesare shown along
with5 the laboratorywavenumberandbeamvelocity. We as-
sumed! temperaturesthat are achievableusing liquid nitro-
gen,0 liquid helium, and helium buffer gascooling methods�
16� . Room temperatureand the T � 0

Ä
limit are shownfor

comparison./ The numberof bound statessupportedby the
molecular� potentialsmay be found by countingthe number
of" maximain R0

¤�� excluding� resonances� . In Fig. 5, we see
mostly� smoothbehaviorasa function of wavenumber. Be-

FIG.
�

3. Ratio versusbeamvelocity. The thermalaveragewas
doneat 300 K. The theoreticalcurvesare labeledaccordingto the
experimentaldatausedto constructthe molecularpotentials.

FIG.
�

4. Resultsfor Na� Ar
F

at 300 K. The long-dashedcurve
wasobtainedusinga Morsepotentialwith parametersfrom Smalley
et al.   9=
¡ .D The short-dashedcurve was obtainedusing a 5% modi-
fication to the dissociationenergy and a 25% modification to the
harmonicfrequency ¢ seeTable I £ . The equilibrium separationwas
the samein both casesandthe potentialswerematchedto the van
der Waalsexpansionat 20 a.u.

FIG. 5. Ratio R
O

(
¤
k
¥

L
¦ )§ for Nä 3

©
He. The resultsfor severaltem-

peraturesare shown along with the laboratorywave numberand
beamvelocity.

FIG. 6. Ratio R
O

(
¤
k
¥

L
¦ ) for Naª Ne. The resultsfor severaltem-

peraturesare shown along with the laboratorywave numberand
beamvelocity.
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cause/ the Na-Hepotentialhasonly oneweakly boundstate,
there



is only oneglory oscillationandperhapsa weakshape
resonance.� Figures6 and7 showmore interestingbehavior.
Glory
­

oscillationsandscatteringresonancesareclearly evi-
dent
&

in thesecurvesfor T
Á¯®

0.
Ä

The limiting k
C

L
`±° 0

Ä
behavior

is differentfor T ² 0
Ä

thanfor finite temperatures.This is due
to

´³

(
R
k
C

L ,8 kC )
o

which reducesto Eq. µ 5��¶ when5 T
ÁR·

0
Ä

and to a
Maxwelliandistributionwhenk

C
L
`¹¸ 0.

Ä
The resonantstructure

begins
�

to disappeararound10 mK. As the temperatureis
increased
%

to 300 mK, the glory oscillationsremain,but the
resonantstructureis not resolved.At 4 K, abouthalf of the
glory0 oscillationsareresolved.Only thelastglory oscillation
is
%

resolvedat room temperature.
The
�

amplitudeof thematterwavedecreasesexponentially
as4 it travelsthroughthe mediumaccordingto

A
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where5 x½ is the distancetraveledand × is the total scattering
cross/ section.Figures8–10 show crosssectionsfor Na at-
oms" scatteringfrom 3

�
He, Ne, andAr averagedwith respect

to



the distribution function Ø 2H�Ù . The crosssectionincreases
dramatically
&

asthe temperatureof the mediumis decreased.
As the beam velocity approacheszero, the cross sections
reacha constantvaluein accordancewith Wigner’s threshold

law. The figuresshowthat the averagedcrosssectionin the
limit
ï

of zero temperatureand beam velocity is typically
equal� to one hundred times the room temperaturevalue.
Therefore,for a given densityanddistancetraveled,the at-
tenuation



at ultracold temperatureswould be equal to the
attenuation4 at room temperaturetakento the 100thpower. A
more� realisticestimatemay be madeby recognizingthat the
numberdensityat cold temperatureswould be less than at
roomtemperature.This providesa decreasingcontributionto
the



argumentof the exponentialin Eq. Ú 19Û that



would op-
pose the increasingcontributioncomingfrom the crosssec-
tion.



Measurements
Ü

of R
ì

(
R
k
C

L
` )o and ÝßÞáà allow4 a determinationof

the



phaseshift of the matterwave,which is proportionalto

FIG. 7. Ratio R(kL) for Naâ Ar. The resultsfor severaltem-
peraturesare shown along with the laboratorywave numberand
beamvelocity. Themolecularpotentialconstructedfrom thedataof
Lyyra etã al. ä 11å was	 usedin the calculations.

TABLE II. Effective rangeparameters.

Target gas aæ sçéè a.u.��ê rePRë a.u.��ì Bound
í

states

3
©
He 70 21 1
Ne
î

144 40 3
Ar
F

170 60 8

FIG. 8. Averagecrosssectionïñðóò for Naô 3
©
He. The resultsfor

several temperaturesare shown along with the laboratory wave
numberandbeamvelocity.

FIG. 9. Averagecrosssection õñöó÷ for
�

Naø Ne.
î

The resultsfor
several temperaturesare shown along with the laboratory wave
numberandbeamvelocity.
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Figures
�

11–13 show � as4 a function of wavenumber, beam
velocity3 , andtemperaturefor Na atomsscatteringfrom 3

�
He,

Ne,
�

and Ar. Similar to the attenuation,the phaseshift in-
creases/ significantly as the temperatureof the medium is
decreased.
&

As the beamvelocity approacheszero,the phase
shift! reachesa constantvalue for finite temperatures.At T

Á
� 0,
Ä

however, the situationis very different.From Eq. � 10� ,8
we5 see that the real part of f

L
(
R
k
C
,0)8 approachesa constant

scattering! length and that � diver
&

gesas k
C	� 1. Table I gives

the



scatteringlengthsandeffective rangesfor the potentials
used� in this work.

IV. CONCLUSIONS

W
.

e havecalculatedthe index of refractionfor a sodium
atom4 matter wave as a function of temperatureand beam
velocity3 . Resonancesandglory oscillationsarepresentin the
center/ -of-massscatteringamplitude.However, it would be
necessary� to significantly cool the noble-gasmediumin or-
der
&

to resolvethe resonancesandall but oneof the oscilla-
tions



in the index of refraction.Onepossibility would be to

FIG.
�

10. Averagecrosssection
���
 for Na� Ar.
F

The resultsfor
several temperaturesare shown along with the laboratory wave
number and beam velocity. The molecular potential constructed
from the dataof Lyyra etã al. � 11� was	 usedin the calculations.

FIG.
�

11. Real part of � f
�

(k,0)/k
¥��

for
�

Na� 3
©
He.
�

The resultsfor
several temperaturesare shown along with the laboratory wave
numberandbeamvelocity.

FIG. 12. Real part of � f
�

(k,0)/k
¥��

for Na� Ne. The resultsfor
several temperaturesare shown along with the laboratory wave
numberandbeamvelocity.

FIG. 13. Real part of � f
�

(k,0)/k
¥��

for Na� Ar. The resultsfor
several temperaturesare shown along with the laboratory wave
number and beam velocity. The molecular potential constructed
from the dataof Lyyra etã al. � 11� was	 usedin the calculations.
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use� helium buffer gascooling " 16# . The index of refraction
could/ bedeterminedfor a noblegasin isolationor in a mix-
ture



with a heliumbuffer gas.Thecontributionto the refrac-
tive



index coming from the helium gaswould be smoothly
varying,3 whereasthe contributioncoming from an argon or
neon gas would reveal oscillatory behavior arising from
glory0 scattering.The resonantstructurewould still not be
detectable
&

at the temperaturesthat are achievableusing
buf
�

fer gascooling.At ultracold temperaturesand beamve-
locities, the attenuationof the matter wave is extremely
lar
ï

ge. Therefore,an intensesourceof matterwavessuchas

the



sodiumatomlaser $ 17% may be neededin order to build
up� a detectableinterferencepattern.
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