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Index of refraction for sodium matter waves traveling in a cold noble-gas medium
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The index of refractionfor sodiummatterwavestravelingin a cold noble-gasmediumis calculatedas a
function of temperatur@ndbeamvelocity. Resonanceandglory oscillationsarepresenin the centerof-mass
scatteringamplitudeand may be seenin the refractiveindex at very low temperaturesT he sensitivity of the
calculationgto the molecularpotentialis investigatedor the caseof argon, andresultsat 300K arecompared
to a recentexperiment Effective rangeparametersare computedandthe attenuatiorand phaseof the matter
wavesare analyzedas a function of temperatureand beamvelocity.
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I. INTRODUCTION

Theindexof refractionfor sodiummatterwavestraveling
throughvariousnoble gaseshasbeenmeasuredising atom
interferometry[1—3]. The sensitivity of thesemeasurements
has motivatedtheoreticalpredictionsand may resultin re-
fined molecular potentials [4—8]. Glory oscillations and
resonancewerepredictedfor the refractiveindex of sodium
matterwavestraveling throughan argon gas[5,8]. A recent
experiment[3] has revealeda full glory oscillation using
beamvelocitiesrangingfrom 700 to 3000 m/s. The experi-
mentalso revealedsurprisingdisagreementvith theoretical
predictionsbasedon molecularpotentialsthat were believed
to be reliable. Therefore,it may be necessaryo reconsider
someof the assumptionshat were madein constructingthe
potentials.It would also be desirableto havea full account
of the scatteringdatafor a wide rangeof parameterde.g.,
beamvelocity, target gastemperatureyariationsin the po-
tential, eto in orderto assesshe quality of the experimental
dataor perhapsthe applicability of the standardtheoretical
treatmen{7]. We provide suchan accountfor collisionsbe-
tweensodiumand argon atomsusing potentialsconstructed
from the dataof threeindependenexperiment§9—11].

We alsoinvestigatethe caseof slow atomicbeamswhich
correspondto matter waves with long de Broglie wave-
lengths, thus, more pronouncedmatter wave nature.For a
given arrangemenof matterwave diffraction, slowerbeams
provide larger diffraction angles,larger enclosedareasfor
the two interfering paths,and thus more sensitivity in mea-
surementslt hasbeensuggestedl4,8,17 thatmeasurements
of the refractiveindex may provide the capability for deter
mining the scatteringengthof anultracoldgas.As the beam
velocity and temperatureof the medium are reduced,the
attenuatiorbecomesery large. Becausehe interferenceex-
perimentsare sensitiveto the amplitudeof the transmitted
wave, it is possibleto perform successfulexperimentsfor
high attenuationln the experimentg 1], the interferingam-
plitude was aslow as 10 2, correspondingo a transmitted
intensity of 10" 4. Measuremenbf the phaseshift becomes
more difficult asthe attenuationincreasesso it is usefulto
know whetheratom interferometryexperimentsvould pro-
vide a practicalmeansof determiningscatteringinformation
in the ultracoldlimit. In this work, we investigatethe attenu-
ation and phaseshift asa function of temperatureandbeam
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velocity for He, Ne, and Ar noble gasesand considerpos-
sible experimentghat may be performedon thesesystems.

II. THEORY

The applicationof multiple scatteringtheory[13,14 to
the presentproblemhasbeendescribedpreviously[7]. Fora
dilute gas,the index of refractionis given by

27N | f(k,0)
kK \ kK |

n(k )=1+ 1)

whereN is the numberdensityof the mediumandk, is the
momentumof the matterwavein the laboratoryframe.The
forward scatteringamplitude f(k,0) is calculatedin the
centerof-massframefor two particleswith relative momen-
tum k. The averageis takenwith respectto the distribution
function
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whereu is the reducedmassmymp /(M + mp) with mp and
my the respectivemasse®f the projectile andtamget atoms,
and B is the inverse of the Boltzmann constanttimes the
temperaturef the targetgas.This distributionfunctiontakes
into accountdifferent valuesand directionsof the relative
velocities[15]. The averagen Eq. (1) is given by

F(kO\ 1 (=
<T> = fo F(k,0)p(kg ,k)dk, 3

where

kz)_l x
7 —;L kp(k, k)dk (4)
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0

normalizesthe distribution function. If the target gasatoms
in the mediumare cooledto the limit of zerotemperature,
thenthe distribution function (2) becomesa & function
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Equation(6) assumeghat the mediumis sufficiently dilute
that a statisticalcoarse-grainingprocedureremainsadequate
whenthe de Broglie wavelengthof the taget atomis large.
The result also appliesin the T—0 limit for a mean-field
descriptionof the medium[12].

The experiments[1-3] perform simultaneousmeasure-
mentsof the phaseshift andthe attenuatiorof theinterfering
amplitude.Therefore they are mostsensitiveto the ratio
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may be usedfor a matterwavetravelingin anultracoldgas.
Thek; —0 limit of R, allows a convenientdeterminatiorof
the parametersn the effective rangeexpansion 8]

Ro(k)~ — (agk) "'+ 31 ek, 9

wherea, is the scatteringengthandr , is the effective range
of the potential. The optical theoremmay be usedtogether
with Eq. (9) to showthatthe scatteringlengthis alsogiven
by

as— — lim R f(k,0)].
k—0

(10

The analysisgiven above may be generalizedto include a

mixture of tamget gasatoms[12]. The scatteringamplitudes
are statisticallyaveragedy taking accountof the individual

gascomponentsisingthe formula

2 Ni %
a0 =1+ 03 | ik Ok Kdk . 1
Equations(7) and (8) become
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and
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The scatteringamplitudein the centerof-massframemay be
obtainedusing standardquantumpartial-wavetheory

1 x©
f(k,o)——kz, (21+1)[exp(2i 8,) — 1]P,(cos6),
(14)

where §; is the numericallycomputedphaseshift, and 6 is
the centerof-massscatteringangle.At high beamvelocities,
the scatteringamplitudeis well approximatedy the eikonal
approximation,

f(k,0)=— ikf:{exp[z; 2(b)]-11bdb, (15

whereb is the classicalimpact parameterand »(b) is the
correspondingphase-shiffunction

1 (+=
n(b)=— ZL( V(\Vb%+Z)dz

(16)

Ill. RESULTS

The forward-scatteringamplitudeis calculatedfrom the
molecular potential betweenthe sodium and noble-gasat-
oms. The constructionof the potentialsusedin this work
have been describedpreviously [7,8]. The parametrization
denotecby He® in Ref.[7] wasusedfor the Na+ He poten-
tial. The Na+ Ar potentialproducedresultsfor the refractive
indexthatfailed to agreewith arecentexperimen{3] soit is
worth looking at the molecularpotentialfor this system.In
Fig. 1, we showmolecularcurvesconstructedrom the RKR
points of three independentexperimentalspectra[9—11].
Table| summarizeghe parametersisedto obtainthe RKR
points. The parametersre definedby

G(v)=we(v+ %)_ weXe(V + %)2+we3/e(v+ %)3

+ weZe(v + %)4,

(17)

Fu(J)=[Be—ae(v+ %) + ve(v + %)ZJJ(J+ 1), (19
where G(v) and F,(J) are the vibrational and rotational
enegies, respectively All three curves are smoothly con-
nectedto the samevan der Waalsexpansiormat R,=20a.u.
The eikonalapproximation(15) and(16) wasusedin Ref.
[3] to provide a theoreticalcomparisorwith the atominter-
ferometry data. Becausethere was significantdisagreement
betweenthe experimentaldataand the eikonal calculations,
we investigatedthe appropriatenessf the eikonal approxi-
mation.In Fig. 2, we compareresultsof the eikonalapproxi-
mation with a numerically exactquantumtreatmentfor the
threepotentialcurvesshownin Fig. 1. Thetop two curvesin
Fig. 2 are resultsusing the potential constructedfrom the
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FIG. 1. Molecularpotentialfor Na+ Ar. RKR pointsareshown
for the data of Smalley et al. [9], Aepfelbach,Nunnemannand
Zimmermann[10], and Lyyra et al. [11]. The solid curvesarethe
potentials used in the presentwork. Each curve is connected
smoothlyto the samevan der Waalsexpansiorat 20 a.u.

dataof Smalleyet al. [9], the middle two curvesareresults
usingthe potentialconstructedrom the dataof Aepfelbach,
Nunnemann,and Zimmermann[10], and the bottom two
curvesare resultsusing the potential constructedfrom the
data of Lyyra et al. [11]. The disagreemenbetweenthe
quantumand eikonal resultsin all three casesis not large
enoughto explainthe disagreemenibetweenthe experiment
andtheorypresentedn Ref.[3]. Figure 3 showsthe ratio R
versusbeamvelocity. The thermal averagewas performed
using Eq. (7) at a temperatureof 300 K. The theoretical
curvesare the resultsof fully conveged quantumcalcula-
tions and are labeledaccordingto the datathat was usedto
constructthe potentials.The interferometrydata[3] shown
on the samefigure is not very well reproducedy any of the
theoreticalcalculations.

It hasbeensuggested4—8] that the index of refraction
measurementsiay be usefulin refining molecularpotential
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FIG. 2. Comparisonof quantumcalculationswith eikonal cal-
culationsfor the three potentialsshown in Fig. 1. The top two
curvesarefor the potentialfit to the dataof Smalleyet al. [9], the
middle two curvesarefor the potentialfit to the dataof Aepfelbach
NunnemannandZimmermann 10], andthe bottomtwo curvesare
for the potentialfit to the dataof Lyyra et al. [11].

curves.Therefore,we attemptedo constructa potentialfor
Na+ Ar that providesa betterfit to the interferometrydata
[3]. This turnedout to be a difficult task.Becausehe poten-
tial well parametersrefairly well known, we initially con-
strainedour adjustmentso be within 5% of the accepted
valuesgivenin Tablel. Noneof the modifiedpotentialsvere
able to provide satisfactoryagreementith the interferom-
etry dataover the entire velocity range of 500-3000 m/s.
Better agreementvas obtainedwhen we allowed the har
monic frequencyw, to be reducedby about25% from its
acceptedralue. Figure 4 showstheoreticalresultsusing this
type of modified potential. A 25% changein w, is rather
large consideringthat w, differs by at most 2.6% for the
threeindependenexperimentd9—11]. Even with the 25%
adjustmentjt was not possibleto obtain satisfactoryagree-
mentat high velocities(seeFig. 4). It wasamgued[3] thata

TABLE |. Potentialparametersor Na+ Ar.

Parameter Ref. [9] Ref.[10] Ref.[11] Modified [9]
R, (A) 4.991 5.008 5.011 4.991
D, (cm™) 38.9 41.7 44.7 37
we (cm™Y) 13.66 13.313 13.358 10
weXe (cm™Y) 1.2 0.994 1.038 0
weYe (cm Y 0 —-0.029 —-0.0111 0
weZe (€M ™Y 0 0.0024 0 0
B, (cm™Y) 0.04637 0.04608 0.04599 0.04637
ae (cm™h) —0.003856 —0.0034 —0.0032 0
ye (cm™h) 0 0 —.00028 0
R, (a.u) 20 20 20 20
Cs (a.u) 190 190 190 190
Cs (a.) 12700 12700 12700 12700
Cyp (aU) 820000 820000 820000 820000
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FIG. 3. Ratio versusbeamvelocity. The thermal averagewas
doneat 300 K. The theoreticalcurvesare labeledaccordingto the
experimentadatausedto constructthe molecularpotentials.

poor understandingof the connectingregion betweenthe
short- and long-rangeparts of the potentialmay be respon-
sible for the lack of agreemenbetweentheory and experi-
ment. We exploredmany different typesof interpolationin

this connectingregion, but were unableto find a physically
reasonablecurve that successfullyreproducedthe interfer

ometry data[3]. Furtherinvestigationis certainly neededo

establishthe correctform of the potentialin this region.

It would seemthat the disagreemenbetweentheory and
experimentdescribedabove should be resolvedbefore at-
tempting to understandthe behaviorat cold and ultracold
temperaturedt is interestingto considerhowever the quali-

14 T T T T

Re [n-1)/4m [n]

v (m/s)

FIG. 4. Resultsfor Na+ Ar at 300 K. The long-dashedccurve
wasobtainedusinga Morsepotentialwith parameterérom Smalley
et al. [9]. The short-dashedaurve was obtainedusing a 5% modi-
fication to the dissociationenegy and a 25% modificationto the
harmonicfrequency(seeTable |). The equilibrium separationwas
the samein both casesandthe potentialswere matchedto the van
der Waalsexpansiomat 20 a.u.
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FIG. 5. Ratio R(k;) for Na+3He. The resultsfor severaltem-
peraturesare shown along with the laboratorywave numberand
beamvelocity.

tative featuresthat enterinto the analysisasthe temperature
andbeamvelocitiesarereduced Figures5-7 showthe ratio
R(k;) for Na atomspassingthrougha gasof *He, Ne, and
Ar. The resultsfor severaltemperaturesare shown along
with the laboratorywave numberand beamvelocity. We as-
sumedtemperatureghat are achievableusing liquid nitro-
gen, liquid helium, and helium buffer gas cooling methods
[16]. Room temperatureand the T—0 limit are shownfor
comparison.The numberof bound statessupportedby the
molecularpotentialsmay be found by countingthe number
of maximain R, (excludingresonances In Fig. 5, we see
mostly smoothbehavioras a function of wave number Be-

v (m/s)
10° 10' 10 10° 10
2.5 [reer : : : r

0% 10" 10 10' 10° 10°
k,_(a.u.)
FIG. 6. Ratio R(k;) for Na+ Ne. The resultsfor severaltem-

peraturesare shown along with the laboratorywave numberand
beamvelocity.
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FIG. 7. Ratio R(k, ) for Na+ Ar. The resultsfor severaltem-
peraturesare shown along with the laboratorywave numberand
beamvelocity. The molecularpotentialconstructedrom the dataof
Lyyra et al. [11] wasusedin the calculations.

causethe Na-He potentialhasonly one weakly boundstate,
thereis only oneglory oscillationand perhapsa weakshape
resonanceFigures6 and 7 show more interestingbehavior
Glory oscillationsand scatteringresonancestre clearly evi-
dentin thesecurvesfor T—0. The limiting k;, —0 behavior
is differentfor T=0 thanfor finite temperaturesThis is due
to p(k, ,k) which reducesto Eq. (5) whenT—0 andto a
Maxwellian distributionwhenk; — 0. The resonanstructure
beginsto disappeararound 10 mK. As the temperatures
increasedo 300 mK, the glory oscillationsremain,but the
resonantstructureis not resolved At 4 K, abouthalf of the
glory oscillationsareresolved.Only the lastglory oscillation
is resolvedat room temperature.

Theamplitudeof the matterwavedecreasesxponentially
asit travelsthroughthe mediumaccordingto

f(k,0)>
X

=exp(— ;N(a)x),
(19

k

A(x)= exy{ —27N Im<

wherex is the distancetraveledand o is the total scattering
crosssection.Figures8—10 show crosssectionsfor Na at-

omsscatteringfrom 3He, Ne, andAr averagedwith respect
to the distribution function (2). The crosssectionincreases

dramaticallyasthe temperatureof the mediumis decreased.

As the beam velocity approachesero, the cross sections
reacha constantvaluein accordancevith Wigner's threshold

TABLE II. Effective rangeparameters.

Targetgas ag (a.u) re (a.u) Boundstates
*He 70 21 1
Ne 144 40 3
Ar 170 60 8
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FIG. 8. Averagecrosssection{(o) for Na+ 3He. The resultsfor
severaltemperaturesare shown along with the laboratory wave
numberand beamvelocity.

law. The figuresshowthat the averageccrosssectionin the
limit of zero temperatureand beam velocity is typically
equal to one hundredtimes the room temperaturevalue.
Therefore for a given densityand distancetraveled,the at-
tenuationat ultracold temperaturesvould be equal to the
attenuatiorat room temperaturg¢akento the 100thpower A
morerealisticestimatemay be madeby recognizingthatthe
numberdensity at cold temperaturesvould be lessthan at
roomtemperatureThis providesa decreasingontributionto
the agumentof the exponentialin Eq. (19) that would op-
posethe increasingcontributioncoming from the crosssec-
tion.

Measurementsf R(k;) and(c) allow a determinatiorof
the phaseshift of the matterwave, which is proportionalto

v (m/s)
10° 10' 10° 10° 10'
4 ]
10 — T-0K
........... T=300 mK
o= T=4K
——- T-T7K
—-— T=300K
310° -
s
10° | 3
107 107 10° 10 10° 10°

FIG. 9. Averagecrosssection{a) for Na+ Ne. The resultsfor
severaltemperaturesare shown along with the laboratory wave
numberand beamvelocity.
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FIG. 10. Averagecrosssection{c) for Na+ Ar. The resultsfor
severaltemperaturesare shown along with the laboratory wave
number and beam velocity. The molecular potential constructed
from the dataof Lyyra et al. [11] wasusedin the calculations.

F(k,0)
¢= Re< T>

Figures11-13 show ¢ asa function of wave number beam
velocity, andtemperaturdor Na atomsscatteringirom 3He,
Ne, and Ar. Similar to the attenuation.the phaseshift in-
creasessignificantly as the temperatureof the medium is
decreasedAs the beamvelocity approachegero, the phase
shift reachesa constantvalue for finite temperaturesit T
=0, however the situationis very different. From Eq. (10),
we seethat the real part of f(k,0) approaches constant

(20
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600 | i
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8 300
-
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100 }
0 L
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FIG. 11. Realpart of (f(k,0)/k) for Na+3He. The resultsfor
severaltemperaturesare shown along with the laboratory wave
numberand beamvelocity.
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FIG. 12. Real part of (f(k,0)/k) for Na+Ne. The resultsfor
severaltemperaturesare shown along with the laboratory wave
numberand beamvelocity.

scatteringlength and that ¢ divergesask 1. Table| gives
the scatteringlengthsand effective rangesfor the potentials
usedin this work.

IV. CONCLUSIONS

We have calculatedthe index of refractionfor a sodium
atom matter wave as a function of temperatureand beam
velocity. Resonanceandglory oscillationsarepresenin the
centerof-massscatteringamplitude. However it would be
necessaryo significantly cool the noble-gasmediumin or-
derto resolvethe resonanceandall but one of the oscilla-
tions in the index of refraction.One possibility would be to

v (m/s)
10° 10’ 10° 10° o'
1000 ' ' ' |
900 - — |
T=0K
sool | W 0 e T=300 mK 1
-—-- T=4K
700 L ——- T=77K ]
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3 500 | -
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e 400 [ e, -
.
0F |
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100 | [TTTTTT
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-1 :
%0= 10°
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FIG. 13. Real part of (f(k,0)/k) for Na+Ar. The resultsfor
severaltemperaturesare shown along with the laboratory wave
number and beam velocity. The molecular potential constructed
from the dataof Lyyra et al. [11] wasusedin the calculations.
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usehelium buffer gascooling [16]. The index of refraction
could be determinedor a noblegasin isolationor in a mix-
ture with a helium buffer gas.The contributionto the refrac-
tive index coming from the helium gaswould be smoothly
varying, whereasthe contributioncoming from an argon or
neon gas would reveal oscillatory behavior arising from
glory scattering.The resonantstructurewould still not be
detectableat the temperaturesthat are achievableusing
buffer gascooling. At ultracold temperaturesand beamve-
locities, the attenuationof the matter wave is extremely
large. Therefore,an intensesourceof matterwavessuchas

PHYSICAL REVIEW A 67, 013604 (2003

the sodiumatomlaser[17] may be neededn orderto build
up a detectablanterferencepattern.
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