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a b s t r a c t 

A five-dimensional coupled states (5D-CS) approximation is used to compute cross sections and rate co- 

efficients for CO+H 2 collisions. The 5D-CS calculations are benchmarked against accurate six-dimensional 

close-coupling (6D-CC) calculations for transitions between low-lying rovibrational states. Good agree- 

ment between the two formulations is found for collision energies greater than 10 cm 

−1 . The 5D-CS ap- 

proximation is then used to compute two separate databases which include highly excited states of CO 

that are beyond the practical limitations of the 6D-CC method. The first database assumes an internally 

frozen H 2 molecule and allows rovibrational transitions for v ≤ 5 and j ≤ 30, where v and j are the vi- 

brational and rotational quantum numbers of the initial state of the CO molecule. The second database 

allows H 2 rotational transitions for initial CO states with v ≤ 5 and j ≤ 10. The two databases are in good 

agreement with each other for transitions that are common to both basis sets. Together they provide data 

for astrophysical models which were previously unavailable. 

© 2017 Elsevier B.V. All rights reserved. 
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. Introduction 

H 2 and CO are the most abundant molecules in most astrophys-

cal environments and have been the focus of numerous astrophys-

cal studies and observations ( van Dishoeck and Black, 1998 ). CO is

asily excited by collisions with H 2 and other species in interstellar

as, and the resulting emission lines are commonly used to provide

mportant diagnostics of gas density and temperature. When these

nvironments are irradiated with an intense UV field, the radiation

rives the chemistry and internal level populations out of equi-

ibrium. Models which aim to interpret the emission lines arising

rom these environments must account for all mechanisms which

an excite or de-excite the molecules. Simulation packages have

een developed ( Petit et al., 2006; Rollig, 2007; Shaw et al., 2005;

arin et al., 1996 ) which account for inelastic transitions of both

 2 and CO in various astrophysical environments such as photodis-

ociation regions (PDRs) which occur between hot HII (ionized

ydrogen) and cold molecular regions. Observations of star-forming

egions and protoplanetary disks (PPDs) of young stellar objects

ave shown evidence of rovibrational transitions involving states
∗ Corresponding author. 
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f CO which are highly excited. In particular, vibrational transi-

ions have been detected in the near infrared by the Infrared Space

bservatory , the Gemini Observatory, and the Very Large Telescope

VLT). A recent VLT survey ( Brown et al., 2013 ) of 69 PPDs found

hat 77% of the sources showed CO vibrational bands, including vi-

rational level v as high as 4 and rotational level j as high as 32. CO

ibrational bands in the 1–5 μ m regime will soon be accessible by

ASA’s James Webb Space Telescope which will allow the warm in-

er regions of young stellar objects to be probed. To reliably model

hese environments requires an extensive set of state-to-state rate

oefficients for rovibrational transitions induced by H 2 collisions.

any of these rate coefficients are either unavailable or else are es-

imated with potentially unreliable methods ( Walker et al., 2014 ). 

To provide accurate data for astrophysical models generally

equires a large and concerted effort between several communities

ithin atomic and molecular physics. Experimental data are sparse

ut are critical for benchmarking theoretical methods ( Costes and

aulin, 2016; Faure et al., 2016; Yang et al., 2015 ). Numerical

olution of the Schrödinger equation offers the best hope for

enerating the bulk of the needed data. However, to make these

omputations possible, it is often necessary to invoke decoupling

pproximations which reduce the dimensionality of the full scat-

ering problem. Even when full-dimensional quantum dynamics

http://dx.doi.org/10.1016/j.molap.2017.01.003
http://www.ScienceDirect.com
http://www.elsevier.com/locate/molap
http://crossmark.crossref.org/dialog/?doi=10.1016/j.molap.2017.01.003&domain=pdf
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Fig. 1. Six-dimensional Jacobi coordinates for CO-H 2 . R is the distance between the 

centers of mass of CO and H 2 , r 1 and r 2 are bond lengths, θ1 and θ2 are the respec- 

tive angles between � R and � r 1 and � r 2 , and φ is the dihedral or twist angle. 
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Fig. 2. Elastic and rotationally inelastic cross sections for inital state (1, 1, 0, 0). 

Solid lines are 5D-CS results and points are 6D-CC results ( Yang et al., 2016 ). 
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calculations are feasible, their accuracy depends on the underlying

electronic structure calculations and potential energy surface (PES)

which is used as input. Recently, a high-level full-dimensional PES

was developed for CO+H 2 and used in a six-dimensional close-

coupling (6D-CC) formulation ( Yang et al., 2015 ) which is essen-

tially an exact treatment of the dynamics. The calculations were in

excellent agreement with experiment for vibrational de-excitation

of CO, whereas prior calculations which consisted of various levels

of approximation varied by more than two orders of magnitude

( Bacic et al., 1985a; 1985b; Flower, 2012; Reid et al., 1997 ). Sub-

sequently, the 6D-CC approach was used to provide additional

high-quality cross sections for CO+H 2 collisions ( Yang et al., 2016 ).

These calculations are computationally demanding and have been

completed for only a small subset of rovibrational levels needed

for the astrophysical models. Nevertheless, these calculations

provide the best benchmarks for transitions where experimen-

tal data are lacking, and may serve as a foundation for testing

approximate schemes which aim to further extend the available

data. One such scheme is the coupled states or centrifugal sudden

(CS) approximation which requires significantly less computational

effort due to the decoupling of orbital and internal angular mo-

menta. A recent study ( Forrey et al., 2015 ) compared 6D-CS and

6D-CC cross sections for CO+H 2 and found encouraging results for

energies above 10 cm 

−1 . Additional decoupling of the “twist” angle

between the two molecules led to a 5D-CS approximation which

also yielded encouraging results. In the present work, we compute

a large database of cross sections and rate coefficients using the

5D-CS approximation. The 5D-CS calculations are compared with

existing 6D-CC results in order to assess the expected level of

accuracy of the approximation. The database provides a balance

between accuracy and computational efficiency and is made

available in a convenient format for use in astrophysical models. 

2. Theory 

The quantum mechanical CC and CS formulations for diatom-

diatom collisions have been given previously ( Alexander and

DePristo, 1977; Green, 1975; Heil et al., 1978 ). In order to clarify

the differences between the 5D and 6D formulations, we provide

a brief summary of the theory. The Hamiltonian of the four-atom

system may be written 

H( � r 1 , � r 2 , � R ) = T ( � r 1 ) + T ( � r 2 ) + T ( � R ) + V ( � r 1 , � r 2 , � R ) , (1)

where T ( � R ) is a radial kinetic energy term describing the center-

of-mass motion, T ( � r 1 ) and T ( � r 2 ) are kinetic energy terms for the

diatomic molecules, and V ( � r 1 , � r 2 , � R ) is the potential energy of the

system. It is convenient to define 

 ( � r 1 , � r 2 , � R ) = U( � r 1 , � r 2 , � R ) + V ( � r 1 ) + V ( � r 2 ) , (2)

where V ( � r 1 ) and V ( � r 2 ) are the two-body potential energies of the

isolated CO and H 2 molecules, and U( � r 1 , � r 2 , � R ) is the four-body

interaction potential which vanishes at large separations. The 6D
acobi coordinate system in Fig. 1 is used where R is the distance

etween the centers-of-mass of the diatomic molecules, θ1 is the

ngle between 

�
 r 1 and 

�
 R , θ2 is the angle between 

�
 r 2 and 

�
 R , and φ

s the out-of-plane dihedral angle or “twist” angle. The interaction

otential may be expanded as 

( � r 1 , � r 2 , � R ) = 

∑ 

all λ

A λ1 ,λ2 ,λ12 
(r 1 , r 2 , R ) Y λ1 ,λ2 ,λ12 

( ̂ r 1 , ̂  r 2 , ˆ R ) (3)

ith 

 λ1 ,λ2 ,λ12 
( ̂ r 1 , ̂  r 2 , ˆ R ) = 

∑ 

all m 

〈 λ1 m λ1 
λ2 m λ2 

| λ12 m λ12 
〉 Y λ1 m λ1 

( ̂ r 1 ) 

×Y λ2 m λ2 
( ̂ r 2 ) Y 

∗
λ12 m λ12 

( ̂  R ) , (4)

here 〈 . . . | . . . 〉 represents a Clebsch–Gordan coefficient and Y λm 

( ̂ r )

s a spherical harmonic. The total wave function for the four-atom

ystem is expanded in terms of a diabatic basis set which contains

roducts of molecular wave functions χv i j i (r i ) with vibrational and

otational quantum numbers v i and j i , respectively. We describe

he combined molecular state (CMS) comprised of CO( v 1 , j 1 ) and

 2 ( v 2 , j 2 ) using the notation n = (v 1 , j 1 , v 2 , j 2 ) so that the basis

unctions for vibrational motion may be written 

n (r 1 , r 2 ) = χv 1 j 1 (r 1 ) χv 2 j 2 (r 2 ) . (5)

he rotational wave functions are given in terms of products of

pherical harmonics in a total angular momentum representation.

he basis sets are defined by the number of vibrational levels

nd the maximum rotational level j max 
v for a given v . The radial

nteraction potential matrix elements are obtained by integrating

ver the internal coordinates 

 

λ1 ,λ2 ,λ12 

n ;n ′ (R ) = 

∫ ∞ 

0 

∫ ∞ 

0 

χn (r 1 , r 2 ) A λ1 ,λ2 ,λ12 
(r 1 , r 2 , R ) 

×χn ′ (r 1 , r 2 ) r 
2 
1 r 

2 
2 d r 1 d r 2 . (6)

he full potential matrix depends on the scattering formulation.

or the CC method, the channels are defined by the set { n, j 12 ,

 }, where l is the orbital angular momentum quantum number
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Fig. 3. Rotationally inelastic cross sections for transitions between the initial state (a) (1, 2, 0, 0), (b) (1, 3, 0, 0), (c) (1, 4, 0, 0), (d) (1, 5, 0, 0) and the final state indicated. 

Solid lines are 5D-CS results and points are 6D-CC results ( Yang et al., 2016 ). 
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�
 j 12 = 

�
 j 1 + 

�
 j 2 . The total angular momentum quantum number

 is defined by � J = 

�
 l + 

�
 j 12 , and the interaction potential matrix for

D-dynamics is given by 

 

J 

n j 12 l;n ′ j ′ 12 
l ′ (R ) = (4 π) −3 / 2 

∑ 

all λ

(−1) j 
′ 
1 + j ′ 2 + j 12 + J 

×
(
[ j 1 ][ j 2 ][ j 12 ][ l][ j 

′ 
1 ][ j 

′ 
2 ][ j 

′ 
12 ][ l 

′ ][ λ1 ][ λ2 ][ λ12 ] 
2 
)1 / 2 

×
(

l ′ λ12 l 

0 0 0 

)(
j ′ 1 λ1 j 1 

0 0 0 

)(
j ′ 2 λ2 j 2 

0 0 0 

)

×
{

l l ′ λ12 

j ′ 12 j 12 J 

}⎧ ⎨ 

⎩ 

j 12 j 2 j 1 

j ′ 12 j ′ 2 j ′ 1 
λ12 λ2 λ1 

⎫ ⎬ 

⎭ 

B 

λ1 ,λ2 ,λ12 

n ;n ′ (R ) (7) 

hich is diagonal with respect to J and independent of the projec-

ion of � J in the space-fixed frame. The notations (===) , { === } ,
nd { ≡ ≡ ≡} are the usual 3j, 6j, and 9j symbols, and [ j] = (2 j +
) . For the 5D-CS formulation, the potential matrix is given by 

 

m 1 ,m 2 

n ;n ′ (R ) = (4 π) −3 / 2 
∑ 

all λ

(−1) λ1 + λ2 + m 1 + m 2 

×
(
[ j 1 ][ j 2 ][ j 

′ 
1 ][ j 

′ 
2 ][ λ1 ][ λ2 ][ λ12 ] 

2 
)1 / 2 

×
(

j ′ 1 λ1 j 1 

0 0 0 

)(
j ′ 2 λ2 j 2 

0 0 0 

)(
j ′ 1 λ1 j 1 

−m 1 0 m 1 

)

×
(

j ′ 2 λ2 j 2 

−m 2 0 m 2 

)(
λ1 λ2 λ12 

0 0 0 

)
B 

λ1 ,λ2 ,λ12 

n ;n ′ (R ) (8) 

hich is diagonal with respect to m 1 and m 2 , the projection

uantum numbers of � j 1 and 

�
 j 2 , respectively. The 5D-CS formula-

ion averages the twist-angle dependence of the PES and yields

 potential matrix which is independent of j 12 . Both dynamical

ormulations require the solution of a set of coupled radial equa-

ions derived from the Schrödinger equation. Cross sections may
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Fig. 4. Vibrationally inelastic cross sections for transitions between the initial state (a) (1, 0, 0, 0), (b) (1, 1, 0, 0), (c) (1, 2, 0, 0), (d) (1, 3, 0, 0) (e) (1, 4, 0, 0), (f) (1, 5, 0, 0) 

and the final state indicated. Solid lines are 5D-CS results and points are 6D-CC results ( Yang et al., 2016 ). 
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Fig. 5. Vibrational quenching cross sections for (a) (2, 0, 0, 0) and (b) (5, 0, 0, 0) initial states. Solid lines are 5D-CS results and points are 6D-CC results ( Yang et al., 2016 ). 

The �v 1 = −2 transitions are at least one order of magnitude smaller than �v 1 = −1 transitions for both sets of calculations. 
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e expressed in terms of the appropriate T -matrix by 

6D-CC 

n → n ′ (E c ) = 

π

(2 j 1 + 1)(2 j 2 + 1)2 μE c 

×
∑ 

j 12 j 
′ 
12 

l l ′ J 
(2 J + 1) 

∣∣∣T J n j 12 l;n ′ j ′ 12 
l ′ (E c ) 

∣∣∣2 

, (9) 

nd 

5D-CS 
n → n ′ (E c ) = 

π

(2 j 1 + 1)(2 j 2 + 1)2 μE c 

×
∑ 

l̄ m 1 m 2 

(2 ̄l + 1) 

∣∣∣T l̄ m 1 m 2 

n ;n ′ (E c ) 

∣∣∣2 

, (10) 

here E c is the collision energy, and μ is the reduced mass of

he CO-H 2 system. The CS approximation assumes the off-diagonal

oriolis matrix elements of ˆ l 2 with respect to m 1 and m 2 may be

eglected, and the diagonal elements may be approximated by

n effective orbital angular momentum quantum number l̄ which

eplaces l . For all calculations in the present work, l ≡ J which is

ts average value between | J − j 12 | and J + j 12 . Rate coefficients

ay be obtained by thermally averaging the cross sections over a

axwellian velocity distribution 

 n → n ′ (T ) = 

√ 

8 k B T 

πμ
( k B T ) 

−2 
∫ ∞ 

0 

σn → n ′ (E c ) e 
−E c /k B T E c dE c , (11) 

here T is the temperature and k B is Boltzmann’s constant. 

. Results 

All calculations use the 6D PES reported previously ( Yang et al.,

015 ) which is currently the only available full-dimensional surface

hat is flexible enough to handle vibrational transitions for both

olecules. This surface yielded 6D-CC results for vibrational relax-

tion of CO which were in excellent agreement with experiment,

hereas prior calculations consisting of various dynamical decou-

ling approximations varied by more than two orders of magni-

ude ( Bacic et al., 1985a; 1985b; Flower, 2012; Reid et al., 1997 ).

t should be noted that the 6D PES ( Yang et al., 2015 ) has been

hown to be less accurate than the V12 PES ( Jankowski et al., 2013 )

or calculating pure rotational cross sections at very low energies
 Faure et al., 2016; Yang et al., 2016 ). However, these energies do

ot play a significant role in determining the rate coefficients over

he temperature range considered in the present work. Therefore,

e consider the 6D-CC calculations on the 6D PES to be a suit-

ble benchmark for calibrating the 5D-CS calculations described

ere. 

Previous work ( Forrey et al., 2015 ) showed that 5D-CS and 6D-

S results for CO+H 2 were virtually identical for collision energies

bove 10 cm 

−1 . The agreement with 6D-CC calculations was also

ound to be good at these energies for the limited amount of data

hat was available for comparison. Recently, new 6D-CC results

ave been reported ( Yang et al., 2016 ) which allow for more

xtensive testing of the 5D-CS approximation. All calculations in

he present work were performed using a modified version of the

woBC code ( Krems, 2006 ) which replaces Eqs. (7) and (9) with

qs. (8) and (10) . The radial coordinates of both molecules were

epresented as discrete variables with 20 points each. Gauss–

egendre quadratures were used for θ1 and θ2 with 14 points

ach, and a Chebyshev quadrature was used for φ with 8 points.

he maximum values for λ1 and λ2 were 10 and 6, respectively.

he log-derivative matrix propagation method ( Johnson, 1973;

anolopoulos, 1986 ) was used to integrate the set of coupled

quations derived from the Schrödinger equation from R = 4 − 18

.u. in steps of 0.05 a.u. The calculations were performed in unit

teps for four decades of collision energy on a logarithmic energy

rid. The maximum effective orbital angular momentum for each

et of calculations is given by 

 max = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

20 , E c = 1 − 10 cm 

−1 , 

40 , E c = 10 − 100 cm 

−1 , 

80 , E c = 100 − 1 , 000 cm 

−1 , 

160 , E c = 1 , 0 0 0 − 10 , 0 0 0 cm 

−1 . 

(12) 

xcellent agreement was seen at the E c boundaries, and conver-

ence tests at low E c verified that the results were converged to

ithin 5% or better with respect to size of the basis set. 

The 5D-CS calculations were performed for collision energies

etween 10 and 10,0 0 0 cm 

−1 and compared against 6D-CC results

btained previously ( Yang et al., 2016 ). Fig. 2 shows elastic and

otationally inelastic cross sections for the (1, 1, 0, 0) initial state.

he curves for rotational excitation (1, 2, 0, 0) and de-excitation
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Fig. 6. Vibrationally inelastic cross sections for transitions between the initial state (a) (1, 0, 0, 0), (b) (1, 2, 0, 0), (c) (1, 4, 0, 0), (d) (1, 6, 0, 0) (e) (1, 8, 0, 0), (f) (1, 10, 

0, 0) and the final state indicated. Solid lines are 5D-CS results which allow H 2 rotational transitions and points are 5D-CS results which restrict H 2 to be in the ground 

rovibrational state. 
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Fig. 7. Rate coefficients for rotational transitions from initial state (a) (1, 5, 0, 0), (b) (1, 10, 0, 0), (c) (1, 20, 0, 0) and (d) (1, 30, 0, 0). Also shown (colored points) are rigid 

rotor results reported previously ( Yang et al., 2010 ) for (0, j 1 , 0, 0). (For interpretation of the references to colour in this figure legend, the reader is referred to the web 

version of this article.) 
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1, 0, 0, 0) are in near perfect agreement with the corresponding

D-CC points for energies above 100 cm 

−1 . The agreement remains

ood for energies down to 10 cm 

−1 , however, the 5D-CS results

o not show the resonant structure that was found in the 6D-CC

alculations. This is partly due to the energy step size, which is

oo large to resolve the resonances, however, it is not expected

hat the effective l used in the CS calculations would accurately

escribe the resonances even if a finer energy grid were used.

he elastic (1, 1, 0, 0) cross section shows a similar pattern of

greement with the exception of small discrepancies at 500 and

0 0 0 cm 

−1 . This is probably due to incomplete convergence of

he 6D-CC elastic cross section with respect to higher partial

aves. 

Fig. 3 shows a set of similar comparisons for the (1, 2, 0, 0), (1,

, 0, 0), (1, 4, 0, 0), and (1, 5, 0, 0) initial states. Only the rotational

e-excitation cross sections are shown. The agreement between

he 5D-CS and 6D-CC results is again very good for energies

etween 10 and 10 0 0 cm 

−1 . Apart from a few small discrepancies,

he approximate 5D-CS formulation is able to reproduce the re-

ults of the 6D-CC calculation and extend them to higher energies.
he agreement is not quite as good for the vibrationally inelastic

ross sections shown in Fig. 4 . Cross sections for transitions from

he same initial states as Figs. 2 and 3 are shown for selected

nal states. The total cross section represents the sum over all

nal CO rotational level contributions in the v 1 = 0 manifold. The

tate-to-state cross sections show a larger number of discrepan-

ies between the 5D-CS and 6D-CC calculations. However, these

iscrepancies are generally small, and the 5D-CS results are able

o provide a good approximation to the overall shape and relative

agnitudes of the state-to-state cross sections for vibrationally

nelastic collisions. The agreement between the two computa-

ional methods for the total cross section appears to worsen at

igh energies as the initial rotational level of the CO molecule

ncreases. This is due to the contributions from transitions to high

otational levels. For example, the (1, 5, 0, 0) to (0, 10, 0, 0) cross

ection in Fig. 4 (f) shows a relatively large discrepancy compared

o the (0, 0, 0, 0) and (0, 2, 0, 0) cross sections which are in very

ood agreement at high energies. This pattern was found for all

f the vibrationally inelastic cross sections and may be attributed

o basis set truncation error in the 6D-CC calculations which used
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Fig. 8. Rate coefficients for transitions from ( v , 10, 0, 0) to (a) (v − 1 , 0 , 0 , 0) , (b) (v − 1 , 10 , 0 , 0) , (c) (v − 1 , 20 , 0 , 0) , and (d) (v − 1 , 30 , 0 , 0) obtained from the “frozen-H 2 ”

basis set. 
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j max 
v 1 =0 

= 22 and j max 
v 1 =1 

= 20 . These limits provide good convergence

for vibrationally inelastic cross sections involving low-lying rota-

tional levels at all energies. However, for transitions involving high

rotational levels, the truncation limits are insufficient, particularly

at high collision energies. It should be noted that the truncation in

the 6D-CC calculations was a necessity due to the computational

resource limitations. For comparison, the 5D-CS calculations in

Figs. 2 –4 used j max 
v 1 =0 

= j max 
v 1 =1 

= 40 . 

The size of the CO vibrational basis set is considered in Fig. 5 .

For both the 5D-CS and 6D-CC calculations, the vibrational basis

set included v 1 = 0 − 2 . The vibrational quenching cross section

for the (2, 0, 0, 0) initial state is dominated by the �v 1 = −1

contribution, and the comparison between the 5D-CS and 6D-CC

results is similar to the (1, 0, 0, 0) initial state shown in Fig. 4 .

The �v 1 = −2 contribution is at least two orders of magnitude

smaller than the �v 1 = −1 contribution for both sets of calcula-

tions at the energies shown. The agreement between the 5D-CS

and 6D-CC results is not as good for the �v 1 = −2 contribution

above 300 cm 

−1 , but given the relatively small magnitude of this

cross section, the discrepancy is not very significant. Expanding
he basis set to include closed vibrational levels yielded no change

o these results. Fig. 5 (b) shows similar results for the (5, 0, 0, 0)

nitial state. These cross sections are again dominated by the

v 1 = −1 contribution, however, the �v 1 = −2 contribution

ncreases relative to the �v 1 = −1 contribution due to the de-

reasing difference between vibrational energy levels. The small

ontribution from �v 1 = −2 transitions allows a compact repre-

entation of the vibrational motion to be obtained using basis sets

ith v 1 equal to v and v − 1 , where v is the vibrational level of the

nitial state. This enables large rotational basis sets to be employed

see Table 1 ). 

The size of the para-H 2 rotational basis set is considered

n Fig. 6 . The solid curves correspond to a rotational basis set

hich includes j 2 = 0 − 4 . In order to improve the computational

fficiency of these calculations, the truncation limit j max 
v 1 =1 

of the

nitial CO rotational basis was reduced to 20. The figure shows that

he cross sections for vibrational relaxation of CO accompanied

y rotational excitation of H 2 are comparable in magnitude to

hose with no change in H 2 . Expanding the H 2 basis further to

llow more rotational excitation yielded small contributions and
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Fig. 9. Rate coefficients for transitions from ( v , 20, 0, 0) to (a) (v − 1 , 10 , 0 , 0) , (b) (v − 1 , 20 , 0 , 0) , (c) (v − 1 , 30 , 0 , 0) , and (d) (v − 1 , 40 , 0 , 0) obtained from the “frozen-H 2 ”

basis set. 

Table 1 

Basis set parameters used for the databases. 

Basis set v j max 
v j max 

v −1 j max 
v −2 j 1 j 2 j ′ 1 j ′ 2 

frozen-H 2 0 40 – – 0–30 0, 1 0–40 0, 1 

1 40 40 – 0–30 0, 1 0–40 0, 1 

2 40 40 40 0–20 0, 1 0–40 0, 1 

3–5 40 40 – 0–20 0, 1 0–40 0, 1 

flexible-H 2 0 20 – – 0–10 0, 1 0–20 0–4, 1–5 

1–2 20 40 – 0–10 0, 1 0–40 0–4, 1–5 

3–5 20 40 – 0–10 0 0–40 0–4 

p  

fi  

t  

c  

f  

w  

t

 

o  

s  

e  

t  

r  

“  
rovided little change to these results. The points shown in the

gure correspond to the j max 
v 1 = 40 basis set with H 2 restricted

o its ground rovibrational state. The agreement in the H 2 (0, 0)

ross sections is nearly perfect for the two sets of calculations

or energies below 20 0 0 cm 

−1 . At higher energies, it is not clear

hich basis set yields the more reliable result due to the different

runcation limits on H and CO. 
2 
In order to explore rovibrational transitions for a large sample

f internal states and collision energies, we constructed two

eparate databases for state-to-state cross sections and rate co-

fficients. The “frozen H 2 ” database uses j max 
v = 40 and includes

ransitions for initial CO ( j 1 = 0 − 30) due to collisions with

ovibrationally rigid para-H 2 ( j 2 = 0) and ortho-H 2 ( j 2 = 1) . The

flexible H 2 ” database uses j max 
v = 20 and includes transitions for



56 C. Castro et al. / Molecular Astrophysics 6 (2017) 47–58 

10
1

10
2

10
3

T (K)

10
−21

10
−20

10
−19

10
−18

10
−17

10
−16

10
−15

10
−14

R
at

e 
co

ef
fic

ie
nt

 (
cm

3 /s
)

(v−1,0,0,2)
(v−1,0,0,4)

(a)

10
1

10
2

10
3

T (K)

10
−20

10
−19

10
−18

10
−17

10
−16

10
−15

10
−14

10
−13

R
at

e 
co

ef
fic

ie
nt

 (
cm

3 /s
)

(v−1,10,0,2)
(v−1,10,0,4)

(b)

10
1

10
2

10
3

T (K)

10
−22

10
−21

10
−20

10
−19

10
−18

10
−17

10
−16

10
−15

10
−14

10
−13

R
at

e 
co

ef
fic

ie
nt

 (
cm

3 /s
)

(v−1,20,0,2)
(v−1,20,0,4)

(c)

10
1

10
2

10
3

T (K)

10
−24

10
−23

10
−22

10
−21

10
−20

10
−19

10
−18

10
−17

10
−16

10
−15

10
−14

10
−13

R
at

e 
co

ef
fic

ie
nt

 (
cm

3 /s
)

(v−1,30,0,2)
(v−1,30,0,4)

(d)

Fig. 10. Rate coefficients for transitions from ( v , 10, 0, 0) to (a) (v − 1 , 0 , 0 , j) , (b) (v − 1 , 10 , 0 , j) , (c) (v − 1 , 20 , 0 , j) , and (d) (v − 1 , 30 , 0 , j) obtained from the “flexible-H 2 ”

basis set. The solid black curves correspond to H 2 (0, 2) final states, and the dashed red curves to H 2 (0, 4) final states. Both sets of curves increase uniformly with v for 

v = 1 − 5 . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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initial CO ( j 1 = 0 − 10) due to collisions with rotationally flexible

para-H 2 ( j 2 = 0 , 2 , 4) and ortho-H 2 ( j 2 = 1 , 3 , 5) . Additional details

of the basis sets are given in Table 1 . 

Figs. 7 –9 show rate coefficients for a sample of initial states

from the frozen-H 2 database. The pure rotational relaxation rate

coefficients in Fig. 7 are very similar to the rigid rotor results

reported previously ( Yang et al., 2010 ). The present results are

for v = 1 , however, similar plots for higher v are nearly identical,

which confirms the validity of the rigid rotor approximation for

pure rotational transitions of CO. For the rovibrationally inelastic

transitions shown in Figs. 8 and 9 , the curves are well-ordered

with respect to the initial vibrational level and generally exhibit

a step-like structure with increasing temperature. The height of

the steps increases with final state rotational level j ′ 
1 
, and the

rate coefficients are found to be relatively large for j ′ 
1 

near the

basis set truncation limit at the highest temperatures shown. This

indicates that the rovibrationally inelastic calculations are still not

fully converged at the highest temperatures ( T > 10 0 0 K) even

with the large truncation limit j max 
v −1 

= 40 . 
Fig. 10 shows results from the flexible-H 2 database for the

 v , 10, 0, 0) initial state. Rate coefficients for transitions involv-

ng no change in H 2 are nearly identical to those presented in

ig. 8 and are not shown. Vibrational relaxation of CO (v = 1 − 5)

or transitions which leave H 2 in a rotationally excited state

ield rate coefficients which are well-ordered with respect to

 as shown. The solid black and dashed red curves represent

j 2 = 2 and � j 2 = 4 transitions for H 2 , respectively, with both

ets of curves increasing with v . The step-like structure is again

een in the rate coefficients and is a general feature for both

atabases. 

The databases include CO collisions with both para-H 2 and

rtho-H 2 . Fig. 11 shows the ratio of total CO vibrational quenching

ate coefficient for ortho-H 2 and para-H 2 collisions for several

nitial states of CO. The ratio is generally found to approach unity

or T > 100 K. As the initial rotational level of CO is increased, the

atio is close to unity for all vibrational levels and temperatures

hown. These results suggest that para-H 2 rate coefficients may

e directly used for ortho-H 2 rate coefficients for T > 100 K
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Fig. 11. Ratio of vibrational quenching rate coefficients for collision with ortho-H 2 and para-H 2 . The panels correspond to CO in the initial state (a) ( v , 0), (b) ( v , 5), (c) ( v , 
10), and (d) ( v , 20) making a transition to the final state (v − 1) summed over all final rotational levels. 
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ith an error of no more than 10% and a considerable savings in

omputational expense. 

. Conclusions 

Full-dimensional dynamics of CO interacting with H 2 is a chal-

enging computational problem for quantum mechanical scattering

ormulations. The closely spaced rotational levels for CO lead to

ubstantial internal angular momentum coupling between the

olecules. When orbital angular momentum is properly taken into

ccount within the numerically exact CC formulation, the addi-

ional angular momentum coupling creates a bottleneck for many

ovibrationally excited initial states, which makes it impossible to

ring the calculations to completion on a practical timescale. In

uch cases, it is necessary to use approximate methods to obtain

he desired data. The CS approximation offers a good compromise

etween accuracy and computational effort. In this approximation,

he exact orbital angular momentum quantum number is re-

laced by an effective value, and the off-diagonal Coriolis coupling

etween states with different projection quantum numbers is

eglected. Averaging the PES over the twist angle to obtain the

D-CS approximation further improves the computational effi-
iency without introducing a significant additional loss of accuracy

eyond the CS approximation itself. 

Using the 5D-CS approximation, we constructed two separate

atabases for state-to-state cross sections and rate coefficients for

O+H 2 collisions. The “frozen-H 2 ” database assumes the collision

akes place with the H 2 molecule frozen in the lowest rotational

evel of a given symmetry. This restriction allows the bulk of the

omputational effort to be used for the CO basis sets which include

j max 
v = j max 

v −1 
= 40 for each initial v . The database then includes

ransitions for each basis set with initial CO (v = 0 − 5 , j = 0 − 30) .

he “flexible-H 2 ” database allows rotational excitation of H 2 during

he collision. To compensate for the enlarged H 2 basis sets, the CO

asis sets are reduced to j max 
v = 20 with j max 

v −1 
= 40 , and a smaller

et of transitions from initial CO (v = 0 − 5 , j = 0 − 10) is included

n the database. The two databases are in good agreement with

ach other for transitions that are common to both basis sets. Both

atabases generally contain cross sections and rate coefficients for

 c = 1 − 10 , 0 0 0 cm 

−1 and T = 10 − 3 , 0 0 0 K. It would be desirable

o improve the databases by replacing the 5D-CS cross sections

ith 6D-CC values for the lower energies, and by expanding

he 5D-CS basis sets to include additional CO rotational levels

t the higher energies. These extensions will be implemented
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in future versions of the project. The present version provides a

large amount of data which may be used as a starting point for

further approximations (e.g. scaling) and provides important data

for astrophysical models. Details of the databases are described

in the supplementary material associated with this article. The

databases may be downloaded from the UGA Excitation Database

( http://www.physast.uga.edu/amdbs/excitation/ ) or PSU website

( physics.bk.psu.edu/sigma/index.html ). 

We note that while the databases have enlarged the amount

of collisional data available for CO+H 2 , they nevertheless remain

incomplete in the sense that all data between levels that are not

included in the basis sets are assumed to be zero. These missing

transitions are generally inefficient compared to the dominant

allowed transitions, however, their omission could have an effect

on radiative transfer calculations which require collisional data

between all levels. In such applications, it may be necessary to

merge the two databases and expand them further to include

additional rotational and vibrational transitions. 
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