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Abstract
Detailed quantum chemistry calculations within the multireference configuration interaction
approximation with the Davidson correction are presented using an aug-cc-pV6Z basis set, for
the potential energy curves and transition dipole moments between low lying molecular states of
singlet spin symmetry for the SiO molecule. The high quality molecular data are used to obtain
radiative association cross sections and rate coefficients for collisions between ground state Si
and O atoms. Quantal calculations are compared with semiclassical results. Using a quantum
kinetic theory of radiative association in which quasibound levels are assumed to be in local
thermodynamic equilibrium, we find that resonances play an important role in enhancing the rate
coefficients at low temperatures by several orders of magnitude from that predicted by standard
quantum scattering formulations. These new molecular formation rates may have important
implications for applications in astrophysics.

Keywords: radiative association, resonances, silicon monoxide

(Some figures may appear in colour only in the online journal)

1. Introduction

The formation of molecules through radiative association can be
an important astrophysical process contributing to chemical
evolution in environments that are free of dust and hydrogen. In
particular, CO and SiO were detected spectrally in the ejecta of
Type II supernovae (SNe) between about 100 d and 500 d from
the initial explosions. The first molecular detection was from
SN1987A, and theoretical studies indicated that the primary
mechanism leading to formation of CO and SiO is radiative
association [1–3]. CO and/or SiO has been detected in several
subsequent SNe [4]. The radiative association of C and O has
been investigated in some detail [5–7].

It is well known that CO and SiO play fundamental roles
in the dust formation process, though SN1987A remains the

best-studied event due to its relative proximity. The formation
of SiO is thought to be a key step in the subsequent formation
of silicates and dust (e.g. [8]).

The rate coefficient for the radiative association of Si
and O,

n+  + hSi O SiO , 1( )

where nh represents the emitted photon, was calculated
by Andreazza et al [9] using a semiclassical theory with
empirical molecular data. In this paper, we investigate
the radiative association of ground state Si and O using
accurate molecular data and several theoretical approaches.
A semiclassical approach to calculating the rate coefficient
[10] is appropriate for heavy atoms such as Si and O and
may provide a suitable estimate of the non-resonant
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contribution for temperatures as low as several hundred
degrees Kelvin (K). It does not, however, without
additional treatment, take into account resonances that
can occur for certain values of the collision energy.
Standard quantum-mechanical methods for calculating the
cross sections are also available, which intrinsically include
resonance effects. These methods generally add radiative
broadening in order to exclude very narrow resonances
from contributing to the rate constant [7, 11–13]. Recently,
a quantum kinetic theory [14] showed that the narrow
resonances should not be neglected and predicted they
would generally lead to large enhancements in molecular
formation rates. Here, we investigate this possibility for Si
and O collisions for the conditions of local thermodynamic
equilibrium (LTE).

2. Molecular structure

In the present study the potential energy curves (PECs) and
transition dipole matrix elements of the low lying electronic
states are calculated using a state-averaged-multi-configura-
tion-self-consistent-field (SA-MCSCF) approach, followed by
multi-reference configuration interaction (MRCI) calculations
together with the Davidson correction (MRCI+Q) [15]. The
SA-MCSCF method is used as the reference wavefunction for
the MRCI calculations in all our work. Low lying singlet
electronic states and the transition dipole matrix elements
connecting these states are calculated and used in subsequent
dynamical calculations for the radiative association process.
PECs and transition dipole moments (TDMs) as a function of
internuclear distance R are computed out to a bond separation
of R=20 Bohr. The basis sets used in our work are the
augmented correlation consistent polarized aug-cc-pV6Z
(AV6Z) basis sets [16–18]. All the PEC and TDM calcula-
tions were performed with the quantum chemistry MOLPRO
2012.1.21 program package [19] running on parallel archi-
tectures. The computations were performed in the Abelian
subgroup C v2 with the order of irreducible representations
being (A B B, ,1 1 2, A2). We note that the full natural Abelian
symmetry group for a diatomic molecule like SiO is ¥C v

symmetry. When symmetry is reduced from ¥C v to C v2 ,
the correlating relationships are s p a ,1 (b b,1 2),
d  (a a,1 2). In order to take account of short-range inter-
actions we employed the non-relativistic state-averaged
complete active-space-self-consistent-field (SA-CASSCF)/
MRCI method [20, 21] available within the MOLPRO [19]
ab initio quantum chemistry suite of codes. In detail, for the
SiO molecule, eight molecular orbitals (MOs) are put into the
active space, including four a1, two b1 and two b2 symmetry
MOs which correspond to the 3s3p shell of Si and 2s2p shell
of O atoms. The rest of the electrons in the SiO molecule are
put into the closed-shell orbitals, including four a1, one b1 and
one b2 symmetry MOs. The MOs for the MRCI procedure are
obtained from the SA-MCSCF method, where the averaging
process was carried out on the lowest three S1 (1A1), three P1
(1B1), and one D1 (1A2) molecular states of this molecule
(note: the D1 and S-1 states are degenerate). We use these

fourteen MOs ( a b b a8 , 3 , 3 , 01 1 2 2), i.e. (8,3,3,0), to perform
all the PEC calculations of these electronic states in the
MRCI+Q approximation. Figure 1 shows the low lying
singlet states for SiO to their respective dissociation limits.

In order to accurately determine the PECs, the point
spacing intervals used here is 0.1 a0 (0.052 918Å) for each
electronic state, out to 5 a0 except near the equilibrium
internuclear separation where the spacing is 0.01 a0. Here, a
smaller step size is adopted around the equilibrium position of
each electronic state so that the properties of each PEC can be
displayed more clearly. For the present internuclear distances
from 1.5 to 5 a0, the PEC of each electronic state obtained is
smooth and convergent. Beyond a bond separation of 5 a0 a
spacing of 0.25 a0 was used. It is clearly seen that the two
atoms, Si and O, are completely separated beyond about 10
a0. In figure 2 we present the dipole moments as a function of
R. The left panel of figure 2 illustrates the absolute magnitude
of the TDMs connecting the low lying singlet Π states to the
ground state. The right panel of figure 2 shows the absolute
magnitude of the permanent dipole moment (PDM) for the
S+X1 ground state as a function of R. We note as the molecule

dissociates, both the TDMs and the PDM are smooth func-
tions of R. The calculated potential energies as a function of R
show excellent agreement with previous relativistic-core-
potential (RECP) based multi-reference single and double CI
(MRDCI) calculations [22], MRCI+Q calculations [23] and
results from the EXOMOL project [24].

For the radiative association process we are interested in
the X S+1 and the PA1 molecular states of SiO and the
transition dipole moment m  RX A ( ) connecting these states as
a function of bond length. The present MRCI+Q values for
the X–A transition dipole moment as a function of bond length
are in excellent agreement with the earlier self-consistent field
plus configuration interaction (SCF+CI) calculations [26], a
polarization propagator calculation [32], and Rayleigh
Schrödinger perturbation theory to second order (RSPT2)
[22, 27]. From our ab initio work we extracted the molecular

Figure 1. Relative electronic energies (eV) for the SiO molecule as a
function of bond separation at the MRCI+Q level of approximation
with an AV6Z basis. The S+X1 ground state along with several of
the low lying states, for the singlet symmetries; S-C1 , S+E1 , PA1 ,
P21 and P31 are illustrated.

2

J. Phys. B: At. Mol. Opt. Phys. 49 (2016) 184002 R C Forrey et al



constants, re the equilibrium bond length and the dissociation
energy De for these two states of the SiO molecule in order to
compare with previous experimental and theoretical investi-
gations. Table 1 shows our results and compares them to
previous experiments and a selection of various theoretical
methods. Our results are in excellent agreement with previous
MRCI+Q calculations of similar or slightly higher quality
which have been extrapolated to the complete basis set limit
(CBS). They are also in excellent agreement with the avail-
able experiments. The previous MRCI+Q results that include
the additional core-valence (CV) and relativisitic effects
incorporated through the Douglas Kroll method (DK) only
give marginally better values for these molecular constants.
We therefore have confidence in the molecular data for the
PECs and TDMs to be used in our dynamical studies.

3. Rate constant

The thermal rate constant (in cm3 s−1) at a given temperature
T to form a molecule by radiative association is given by

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ òm p

s=LL¢
¥

LL¢
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k T
E E E
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e d ,

2
r

E k T
1 2

B

3 2

0

B( )

( )

where Λ and L¢ are the initial and final projections of the
electronic orbital angular momentum of the molecule on the
internuclear axis, mr is the reduced mass of the Si+O
system, kB is Boltzmann’s constant, and E is the translational
energy. The cross-section sLL¢ E( ) may be calculated using
semiclassical or quantal methods. The rate constant is often
divided into a sum of two terms

= +LL¢ LL¢ LL¢k k k , 3dir res ( )

where LL¢kdir is the non-resonant direct contribution which
may be obtained from the semiclassical or quantum cross
section, and LL¢k res is the resonant contribution which must be
obtained from a quantal method. We summarize these
methods below.

3.1. Semiclassical method

In the semiclassical approximation [10, 33, 34], the cross-
section for the radiative association process is given by
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is the radiative transition probability in s−1 at the given
internuclear distance, Rc is the classical turning point for the
impact parameter Lb V R, ( ) is the potential energy in the
entrance channel, n R( ) is the photon energy in cm−1, and
m R( ) is the transition moment in a.u. The statistical weight
factor LP is given by

d
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+ -
+ + + +

L
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S
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where L S L S, , ,Si Si O O, are the electronic orbital and spin
angular momenta of the silicon and oxygen atoms, and Smol is
the total spin of the molecular electronic state. For the
P  S+A X1 1 transition considered in this work, we

obtain =PP 2 81.

3.2. Standard quantum theory

The quantum mechanical cross-section sLL¢ EQM ( ) for the
radiative association process can be calculated using pertur-
bation theory for the radiative coupling (see Babb and Dal-
garno[35], Gianturco and Gori [36] or Babb and Kirby [37]).
The result is

åås
p n

m
=LL¢

¢ ¢
L ¢ L L¢ ¢ ¢E

c E
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v j j r
jj Ej v j

QM
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where the sum is over initial rotational j and final
vibrational ¢v and rotational ¢j quantum numbers. ¢Sj j, are
the appropriate line strengths [38, 39] or Hönl–London
factors [40], and c is the speed of light. L L¢ ¢ ¢M Ej v j, is given
by the integral

ò m= FL L¢ ¢ ¢
¥

L L¢ ¢ ¢M F R R R Rd . 8Ej v j Ej v j,
0

( ) ( ) ( ) ( )

The wavefunction FL¢ ¢ ¢ Rv j ( ) is a unit-normalized bound state
eigenfunction of the final electronic state, and LF REj ( ) is an
energy-normalized continuum wavefunction of the initial
electronic state. These wavefunctions may be computed from
their respective Schrödinger equations using a grid-based
numerical approach [6, 7, 35, 41, 42]. Complicated resonance

Figure 2. Absolute magnitude of the SiO transition dipole moments
(TDMs), from the ground state, the left panel is m R( ) for transitions
to the low lying singlet Π states namely; S  P+X A1 1 , P21 , and
P31 . The right panel is the absolute magnitude of the permanent

dipole moment (PDM) for the S+X1 ground state of SiO. The MRCI
+ Q approximation is used with an AV6Z basis set within the
MOLPRO suite of codes to determine all the moments as a function
of the internuclear distance R.
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structures generally make it difficult to calculate the rate
coefficient (2) using numerical integration [12, 41]. Further-
more, the majority of these resonances are sufficiently narrow
that the probability of tunneling is negligible compared to the
radiative decay probability. Consequently, perturbation

theory for extremely narrow resonances can yield opacities
which are larger than unity [7, 12, 41]. An optical potential
approach which includes radiative broadening may be used to
handle the narrow resonances in order to ensure unitarity
[13, 41]. This approach may also be used to derive a formula

Table 1. Spectroscopic constants for the S+X1 and the PA1 states of the SiO molecule. The equilibrium bond distance re and the dissociation
energies De are presented. The present MRCI + Q results shown are compared with previous theoretical work and with experiments.

Basis State Method re (Å) De (eV)

X S+1

aug-cc-pV6Z MRCI+Qa 1.5153 8.2748
aug-cc-pV5Z MRCI+Qb 1.5169 8.2443
aug-cc-pV6Z MRCI+Qb 1.5159 8.2800
aug-cc-pV6Z MRCI+Q/CV+DKb 1.5114 8.3281
CBS MRCI+Q/CV+DK +56b 1.5100 8.3776

Si (8s/7p/4d/3f/2g/1h) CCSDTc 1.5156 8.2482
O(7s/6p/4d/3f/2f/1h)

STO basis SCF+CId 1.4960 8.1000
STO basis MCSCF+CId — 8.1500

cc-pVTZ/D-Gauss-Xfit CASSCF/MRCIe 1.5237
RSPT2f 1.5328

Si (7s/6p/4d/1f) RECP + MRDCIg 1.5210 7.8700
O (4s/4p/1d)

Experiment 1.5097h 8.3368h

8.26±0.13i

8.36±0.09j

8.18±0.30k

A P1

aug-cc-pV6Z MRCI+Qa 1.6315 2.9693
aug-cc-pV5Z MRCI+Qb 1.6309 2.9662
aug-cc-pV6Z MRCI+Qb 1.6295 2.9926
aug-cc-pV6Z MRCI+Q/CV+DKb 1.6249 3.0146
CBS MRCI+Q/CV+DK+56b 1.6229 3.0510

STO basis SCF+CId 1.4960 2.44

cc-pVTZ/D-Gauss-Xfit CASSCF/MRCIe 1.7599
RSPT2f 1.8160

Si (7s/6p/4d/1f) RECP + MRDCIg 1.6500 2.5600
O (4s/4p/1d)

Experiment 1.6206h 3.0259h

2.87±0.3k

a
MRCI+Q, present work.

b MRCI+Q [23].
c CCSDT, [25].
d SCF+CI and MCSCF+CI, [26].
e CASSCF/MRCI [27].
f RSPT2 [27].
g RECP + MRDCI [22].
h Experiment, [28].
i Experiment, [29].
j Experiment [30].
k Experiment, [31].
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for the resonance contribution [7, 11–13, 43]

å=
G G

G + GLL¢k K , 9
q

q
q q

q q

res eq
tun rad

tun rad
( )

where ºq v j,q q( ) designates the vibrational and rotational

quantum numbers for a quasibound state, Gq
tun and Gq

rad are the
respective tunneling and radiative decay widths, and Kq

eq is
the equilibrium constant for the quasibound state given by

=
+ -L

K
j P E k T

Q

2 1 exp
. 10q

q q

T

eq B( ) ( )
( )

Here QT is the translational partition function, and Eq is the
energy of the quasibound state. The key step in the derivation
of (9) is the replacement of the tunneling width Gq

tun in the
Lorentzian of a Breit–Wigner resonance by the total decay
width G + Gq q

tun rad. Equation (9) provides an equilibrium
population of quasibound states when the tunneling prob-
ability is large compared to the radiative decay width. For
extremely long-lived quasibound states such that
G << Gq q

tun rad, however, the ratio in equation (9) goes to zero.
This implies that all narrow resonances make negligible
contributions to the formation rate. The standard quantum
theory result is obtained when the resonance contribution (9)
is added to the direct non-resonance contribution computed
from equation (7). The Sturmian approach [44] described in
the next section provides an alternative method for calculating
the standard quantum theory rate constant if long-lived
quasibound states are eliminated as in equation (9).

3.3. Quantum kinetic theory

In this section, we follow the approach described by Forrey
[14] and define the radiative association rate coefficient from
the steady-state solution of a self-consistent master equation.
The formulation uses the bound and unbound energy eigen-
states of a Sturmian representation to form a complete basis
set for both the dynamics and kinetics. All possible transitions
are included in the master equation which allows the extre-
mely long-lived quasibound states to be populated through
bound–unbound and unbound–unbound interactions. The
result is a phenomenological rate constant that includes both
direct and indirect (inverse predissociation) processes given
by

å d= + GLL¢ k K 1 , 11
b u

u u u b
,

eq rad( ) ( )

where ºb v j,b b( ) and ºu v j,u u( ) designate vibrational and
rotational quantum numbers for bound and unbound states,
respectively. G u b

rad is the radiative transition probability, and
Ku
eq is the equilibrium constant for the unbound state. The

parameter du is a non-equilibrium concentration defect which
depends on tunneling lifetimes and may be computed as a
function of the matter and radiation temperatures. For LTE, it
was shown [14] that the concentration defects are identically
zero. The resulting expression is then equivalent to

equation (2) using the cross section

 ås
p
m

d= + G -LL¢ L E
E

P j E E2 1 , 12
r b u

u u b u

2 3
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rad( ) ( ) ( ) ( )

where the delta function is due to the Möller operator which
transforms a free Sturmian eigenstate into an interacting
unbound state with the same energy. For comparison, we note
that standard quantum theory generally uses equations (2) and
(7) assuming a Lorentzian line shape
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2
tun
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to obtain an equation which appears similar to equation (11)
for the unbound subspace consisting of only the quasibound
states. Radiative broadening (i.e. G  G + Gq q q

tun tun rad in the
denominator of the Lorentzian) then yields the resonance
formula (9).

There are two key differences between the quantum
kinetic result (11) and the resonance formula (9): (i)
equation (11) includes the non-resonant background contrib-
ution, and (ii) contributions from long-lived quasibound states
are not eliminated from equation (11). This second difference
is mathematically equivalent to the neglect of radiative
broadening in the Lorentzian used to derive equation (9).
However, there is no breakdown of perturbation theory or
violation of unitarity in the result derived from quantum
kinetic theory [14]. It should be noted that LTE in the present
context means that the matter and radiation temperatures are
the same. When this is the case, the steady-state solution of
the Sturmian master equation is a Boltzmann distribution for
all unbound states, independent of density and tunneling
lifetime. Therefore, all unbound states, including extremely
long-lived quasibound states, should be included in the for-
mation rate constant (11). For comparison, the resonance
formula (9), which excludes contributions from long-lived
quasibound states, may be obtained from quantum kinetic
theory as an approximate steady-state solution of the master
equation for a low density gas at zero radiation temper-
ature [14].

4. Results and discussion

In this section, we present results from the semiclassical,
standard quantum, and quantum kinetic theories. For the
standard quantum and quantum kinetic results, we employed
the Sturmian method [14, 44] to compute the bound and
unbound wavefunctions needed to evaluate the matrix ele-
ments (8). Quasibound states which have negligible tunneling
probability compared to their radiative decay probability were
not included in the standard quantum result in accordance
with equation (9). The long-lived quasibound states, however,
were retained in the quantum kinetic theory formula (11)
which is evaluated in the present work for LTE conditions.
The radiative transition probability includes spontaneous and
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stimulated emission and is given by

G =
-
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is the Einstein A-coefficient connecting the bound and
unbound eigenstates which were computed by separately
diagonalizing the Hamiltonian matrices for the S+X1 and PA1

electronic states in an L2 Sturmian representation [44]
consisting of 500 Laguerre polynomial basis functions per
partial wave. As discussed previously [44], it is sufficient to
use unit-normalized positive energy eigenstates directly
because the usual energy normalization exactly cancels the
equivalent quadrature weights which are needed to express
the integration over unbound states as a discrete sum. This
allows the rate constant given in equation (11) to be easily
computed by multiplying equation (14) by the equilibrium
constant and summing over the bound and unbound states.

Figure 3 shows the relative importance of the resonant
and non-resonant contributions for a few partial waves. In the
figure, the cumulative radiative width

åG = G  16u
b

u b
rad ( )

is plotted as a function of the unbound energy Eu for zero
temperature. The figure shows no resonances for ju=0 and
an increasing curve due to the increasing energy gap between
the bound and unbound states. The increase stops abruptly at

»E 0.2u a.u. due to the fall-off of Franck–Condon factors
before further increasing as the energy gap continues to
widen. A similar step-like structure is found near 0.2 a.u. for
the higher partial waves, however, there are very narrow
resonances that may be seen at lower energies. The

resonances eventually vanish for large angular momentum
(e.g. ju=300). In our calculations, we found that the last
bound state for the ground state (X S+1 ) potential occurs for
jb=329, so we included all 500 bound and unbound
vibrational states for = -j 0 330u .

Figure 4 shows the rate coefficient for radiative asso-
ciation of Si(3P) and O(3P) via the PA1 molecular state. The
present results are compared against the previous semi-
classical result of Andreazza and co-workers [9]. The stan-
dard quantum result was computed from equation (11) by
removing all quasibound states that have negligible tunneling
probability compared to their radiative decay width. This
condition is met when the sum over Franck–Condon factors is
greater than 1.99 for the j 1 transitions. Figure 4 shows that
the standard quantum curve is in good agreement with the
present semiclassical curve. However, both of these curves
are significantly smaller than the previous semiclassical
calculation5. This difference is presumably due to the
improved molecular data used in the present work. When the
narrow resonances are included, the quantum kinetic theory
curve shows a difference which is even more substantial. The
rate coefficient increases with decreasing temperature and is
about 100 times larger than the standard quantum result which
excludes all of the narrow resonances. It should be noted that
the standard quantum curve does include broad resonances,
which is the cause of the slight upturn in the curve at low
temperature. Stimulated emission is also included in the
quantum calculations [45]. When stimulated association is
excluded (e.g. dashed blue curve), the quantum results merge

Figure 3. The cumulative radiative width plotted as a function of the
unbound energy eigenvalues Eu for ju=0, 100, 200, and 300. The
prominant narrow resonant features are clearly visible in the
ju=100 and 200 values. The cross section can be obtained from the
plotted radiative width via equation (12).

Figure 4. Rate coefficient for radiative association of Si(3P) and
O(3P) via the PA1 molecular curve. Present results include
semiclassical (green), standard quantum (red), and quantum kinetic
(blue) curves. Also shown (black) is the previous semiclassical result
of Andreazza et al [9]. Note that the quantum calculations include
stimulated emission. The semiclassical result and the dashed blue
quantum kinetic curve include spontaneous emission only.

5 The rate coefficients listed in table I of [9] include contributions from the
S+E1 state, but they are typically much smaller in magnitude rising to only

41% of the total rate at 14 700 K.
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smoothly with the semiclassical calculation at high
temperatures.

5. Conclusions

We have computed high accuracy SiO molecular structure
data for the purpose of studying radiative association in Si
and O atom collisions. Semiclassical and quantum mechanical
rate coefficients are reported, and the impact of very narrow
resonances is analyzed using a quantum kinetic theory. The
present semiclassical and standard quantum theory results
agree with each other, however, they are significantly smaller
in magnitude than a previous semiclassical result. The
quantum kinetic theory includes the extremely narrow reso-
nances and yields a result which is orders of magnitude larger
than the standard quantum result and has a different temper-
ature dependence.

The justification for including extremely narrow reso-
nances comes from the self-consistent master equation which
requires that all quasibound states are fully populated at LTE.
It was further shown [14, 46] that non-LTE conditions may
reduce the resonant contribution or possibly lead to resonant
enhancements which are even larger than those reported here.
This raises an important question about which rate constant
should be used in an astrochemical model. The vast majority
of astrochemical network models are not state-resolved, and
the molecules are assumed to be in their ground state. Fur-
thermore, the matter and radiation temperatures are rarely the
same in typical low density ISM environments. The ‘standard
quantum theory’ result corresponds to zero radiation temp-
erature at low density and should be used for modeling such
environments. For molecular clouds which receive light from
bright background stars or are sufficiently dense that quasi-
bound states may be populated through inelastic collisions,
the LTE result would be more appropriate. A more detailed
study of the present system which includes a full dependence
of the resonant contribution on both the matter and radiation
temperatures is clearly warranted.

In order to compare several collisional theories, we cal-
culated the rate coefficient for the formation of SiO via
radiative association along the PA1 electronic state. For
astrophysical applications, a complete treatment of SiO for-
mation from radiative collisions of Si and O must account for
approach along the other electronic states. The increasing
formation rate with decreasing temperature due to the reso-
nances may have important implications for astrochemical
models of cold molecular clouds.

Additional details on the molecular structure calculations
are given in the supplemental material (stacks.iop.org/jpb/
49/184002/mmedia).

Note added in proof. While this paper was in review,
calculations on the low-lying electronic states of SiO using a
dynamically weighed state-averaged complete active space
self-consistent-field (DW-SA-CASSCF) approach using the
aug-cc-pV5Z basis with MOLPRO were published (C W
Bauschlicher Jr 2016 Chem. Phys. Lett. 658 76).
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